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Preface
Data structures and algorithms are much more than abstract concepts.
Mastering them enables you to write more efficient code that runs faster,
which is particularly important for today’s web and mobile apps. If you last
saw an algorithm in a university course or at a job interview, you’re missing
out on the raw power algorithms can provide.

The problem with most resources on these subjects is that they’re...well...obtuse.
Most texts go heavy on the math jargon, and if you’re not a mathematician, it’s
really difficult to grasp what on Earth is going on. Even books that claim to
make algorithms “easy” assume that the reader has an advanced math degree.
Because of this, too many people shy away from these concepts, feeling that
they’re simply not “smart” enough to understand them.

The truth, however, is that everything about data structures and algorithms
boils down to common sense. Mathematical notation itself is simply a partic-
ular language, and everything in math can also be explained with common-
sense terminology. In this book, I don’t use any math beyond addition, sub-
traction, multiplication, division, and exponents. Instead, every concept is
broken down in plain English, and I use a heavy dose of images to make
everything a pleasure to understand.

Once you understand these concepts, you will be equipped to write code that
is efficient, fast, and elegant. You will be able to weigh the pros and cons of
various code alternatives, and be able to make educated decisions as to which
code is best for the given situation.

Some of you may be reading this book because you’re studying these topics at
school, or you may be preparing for tech interviews. While this book will
demystify these computer science fundamentals and go a long way in helping
you at these goals, I encourage you to appreciate the power that these concepts
provide in your day-to-day programming. I specifically go out of my way to make
these concepts real and practical with ideas that you could make use of today.
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Who Is This Book For?
This book is ideal for several audiences:

• You are a beginning developer who knows basic programming, but wants
to learn the fundamentals of computer science to write better code and
increase your programming knowledge and skills.

• You are a self-taught developer who has never studied formal computer
science (or a developer who did but forgot everything!) and wants to
leverage the power of data structures and algorithms to write more scalable
and elegant code.

• You are a computer science student who wants a text that explains data
structures and algorithms in plain English. This book can serve as an
excellent supplement to whatever “classic” textbook you happen to be using.

• You are a developer who needs to brush up on these concepts since you
may have not utilized them much in your career but expect to be quizzed
on them in your next technical interview.

To keep the book somewhat language-agnostic, our examples draw from
several programming languages, including Ruby, Python, and JavaScript, so
having a basic understanding of these languages would be helpful. That being
said, I’ve tried to write the examples in such a way that even if you’re familiar
with a different language, you should be able to follow along. To that end, I
don’t always follow the popular idioms for each language where I feel that an
idiom may confuse someone new to that particular language.

What’s in This Book?
As you may have guessed, this book talks quite a bit about data structures
and algorithms. But more specifically, the book is laid out as follows:

In Why Data Structures Matter and Why Algorithms Matter, we explain what
data structures and algorithms are, and explore the concept of time complex-
ity—which is used to determine how efficient an algorithm is. In the process,
we also talk a great deal about arrays, sets, and binary search.

In Oh Yes! Big O Notation, we unveil Big O Notation and explain it in terms
that my grandmother could understand. We’ll use this notation throughout
the book, so this chapter is pretty important.

In Speeding Up Your Code with Big O, Optimizing Code with and Without Big O,
and Optimizing for Optimistic Scenarios, we’ll delve further into Big O Notation

Preface • x
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and use it practically to make our day-to-day code faster. Along the way, we’ll
cover various sorting algorithms, including Bubble Sort, Selection Sort, and
Insertion Sort.

Blazing Fast Lookup with Hash Tables and Crafting Elegant Code discuss a
few additional data structures, including hash tables, stacks, and queues.
We’ll show how these impact the speed and elegance of our code, and use
them to solve real-world problems.

Recursively Recurse with Recursion introduces recursion, an anchor concept
in the world of computer science. We’ll break it down and see how it can be
a great tool for certain situations. Recursive Algorithms for Speed will use
recursion as the foundation for turbo-fast algorithms like Quicksort and
Quickselect, and take our algorithm development skills up a few notches.

The following chapters, Node-Based Data Structures, Speeding Up All the
Things, and Connecting Everything with Graphs, explore node-based data
structures including the linked list, the binary tree, and the graph, and show
how each is ideal for various applications.

The final chapter, Dealing with Space Constraints, explores space complexity,
which is important when programming for devices with relatively small
amounts of disk space, or when dealing with big data.

How to Read This Book
You’ve got to read this book in order. There are books out there where you
can read each chapter independently and skip around a bit, but this is not
one of them. Each chapter assumes that you’ve read the previous ones, and
the book is carefully constructed so that you can ramp up your understanding
as you proceed.

Another important note: to make this book easy to understand, I don’t always
reveal everything about a particular concept when I introduce it. Sometimes,
the best way to break down a complex concept is to reveal a small piece of it,
and only reveal the next piece when the first piece has sunken in. If I define
a particular term as such-and-such, don’t take that as the textbook definition
until you’ve completed the entire section on that topic.

It’s a trade-off: to make the book easy to understand, I’ve chosen to oversim-
plify certain concepts at first and clarify them over time, rather than ensure
that every sentence is completely, academically, accurate. But don’t worry
too much, because by the end, you’ll see the entire accurate picture.

report erratum  •  discuss

How to Read This Book • xi

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


Online Resources
This book has its own web page1 on which you can find more information
about the book, and help improve it by reporting errata, including content
suggestions and typos.

You can find practice exercises for the content in each chapter at http://common-
sensecomputerscience.com/, and in the code download package for this book.
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CHAPTER 1

Why Data Structures Matter
Anyone who has written even a few lines of computer code comes to realize
that programming largely revolves around data. Computer programs are all
about receiving, manipulating, and returning data. Whether it’s a simple
program that calculates the sum of two numbers, or enterprise software that
runs entire companies, software runs on data.

Data is a broad term that refers to all types of information, down to the most
basic numbers and strings. In the simple but classic “Hello World!” program,
the string "Hello World!" is a piece of data. In fact, even the most complex pieces
of data usually break down into a bunch of numbers and strings.

Data structures refer to how data is organized. Let’s look at the following code:

x = "Hello! "
y = "How are you "
z = "today?"

print x + y + z

This very simple program deals with three pieces of data, outputting three
strings to make one coherent message. If we were to describe how the data
is organized in this program, we’d say that we have three independent strings,
each pointed to by a single variable.

You’re going to learn in this book that the organization of data doesn’t just
matter for organization’s sake, but can significantly impact how fast your
code runs. Depending on how you choose to organize your data, your program
may run faster or slower by orders of magnitude. And if you’re building a
program that needs to deal with lots of data, or a web app used by thousands
of people simultaneously, the data structures you select may affect whether
or not your software runs at all, or simply conks out because it can’t handle
the load.
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When you have a solid grasp on the various data structures and each one’s
performance implications on the program that you’re writing, you will have
the keys to write fast and elegant code that will ensure that your software
will run quickly and smoothly, and your expertise as a software engineer will
be greatly enhanced.

In this chapter, we’re going to begin our analysis of two data structures: arrays
and sets. While the two data structures seem almost identical, you’re going
to learn the tools to analyze the performance implications of each choice.

The Array: The Foundational Data Structure
The array is one of the most basic data structures in computer science. We
assume that you have worked with arrays before, so you are aware that an
array is simply a list of data elements. The array is versatile, and can serve
as a useful tool in many different situations, but let’s just give one quick
example.

If you are looking at the source code for an application that allows users
to create and use shopping lists for the grocery store, you might find code
like this:

array = ["apples", "bananas", "cucumbers", "dates", "elderberries"]

This array happens to contain five strings, each representing something that
I might buy at the supermarket. (You’ve got to try elderberries.)

The index of an array is the number that identifies where a piece of data lives
inside the array.

In most programming languages, we begin counting the index at 0. So for our
example array, "apples" is at index 0, and "elderberries" is at index 4, like this:

“apples” “bananas” “cucumbers” “dates” “elderberries”

index 0 index 1 index 2 index 3 index 4

To understand the performance of a data structure—such as the array—we
need to analyze the common ways that our code might interact with that data
structure.

Chapter 1. Why Data Structures Matter • 2
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Most data structures are used in four basic ways, which we refer to as opera-
tions. They are:

• Read: Reading refers to looking something up from a particular spot
within the data structure. With an array, this would mean looking up a
value at a particular index. For example, looking up which grocery item
is located at index 2 would be reading from the array.

• Search: Searching refers to looking for a particular value within a data
structure. With an array, this would mean looking to see if a particular
value exists within the array, and if so, which index it’s at. For example,
looking to see if "dates" is in our grocery list, and which index it’s located
at would be searching the array.

• Insert: Insertion refers to adding another value to our data structure. With
an array, this would mean adding a new value to an additional slot within
the array. If we were to add "figs" to our shopping list, we’d be inserting a
new value into the array.

• Delete: Deletion refers to removing a value from our data structure. With
an array, this would mean removing one of the values from the array. For
example, if we removed "bananas" from our grocery list, that would be
deleting from the array.

In this chapter, we’ll analyze how fast each of these operations are when
applied to an array.

And this brings us to the first Earth-shattering concept of this book: when
we measure how “fast” an operation takes, we do not refer to how fast the
operation takes in terms of pure time, but instead in how many steps it
takes.

Why is this?

We can never say with definitiveness that any operation takes, say, five sec-
onds. While the same operation may take five seconds on a particular com-
puter, it may take longer on an older piece of hardware, or much faster on
the supercomputers of tomorrow. Measuring the speed of an operation in
terms of time is flaky, since it will always change depending on the hardware
that it is run on.

However, we can measure the speed of an operation in terms of how many
steps it takes. If Operation A takes five steps, and Operation B takes 500
steps, we can assume that Operation A will always be faster than Operation
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B on all pieces of hardware. Measuring the number of steps is therefore the
key to analyzing the speed of an operation.

Measuring the speed of an operation is also known as measuring its time
complexity. Throughout this book, we’ll use the terms speed, time complexity,
efficiency, and performance interchangeably. They all refer to the number of
steps that a given operation takes.

Let’s jump into the four operations of an array and determine how many steps
each one takes.

Reading
The first operation we’ll look at is reading, which is looking up what value is
contained at a particular index inside the array.

Reading from an array actually takes just one step. This is because the
computer has the ability to jump to any particular index in the array and
peer inside. In our example of ["apples", "bananas", "cucumbers", "dates", "elderberries"],
if we looked up index 2, the computer would jump right to index 2 and report
that it contains the value "cucumbers".

How is the computer able to look up an array’s index in just one step? Let’s
see how:

A computer’s memory can be viewed as a giant collection of cells. In the fol-
lowing diagram, you can see a grid of cells, in which some are empty, and
some contain bits of data:

9 16

100

“hi”

“woah”

“a”

22

Chapter 1. Why Data Structures Matter • 4
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When a program declares an array, it allocates a contiguous set of empty
cells for use in the program. So, if you were creating an array meant to hold
five elements, your computer would find any group of five empty cells in a
row and designate it to serve as your array:

9 16

100

“hi”

“woah”

“a”

22

Now, every cell in a computer’s memory has a specific address. It’s sort of
like a street address (for example, 123 Main St.), except that it’s represented
with a simple number. Each cell’s memory address is one number greater
than the previous cell. See the following diagram:

1000 1005 1006 1007 1008 10091001 10041002 1003

1010 1015 1016 1017 1018 10191011 10141012 1013

1020 1025 1026 1027 1028 10291021 10241022 1023

1030 1035 1036 1037 1038 10391031 10341032 1033

1040 1045 1046 1047 1048 10491041 10441042 1043

1050 1055 1056 1057 1058 10591051 10541052 1053

1060 1065 1066 1067 1068 10691061 10641062 1063

1070 1075 1076 1077 1078 10791071 10741072 1073

1080 1085 1086 1087 1088 10891081 10841082 1083

1090 1095 1096 1097 1098 10991091 10941092 1093
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In the next diagram, we can see our shopping list array with its indexes and
memory addresses:

“apples” “bananas” “cucumbers” “dates” “elderberries”

index:

memory
address: 1010 1011 1012 1013 1014

0 1 2 3 4

When the computer reads a value at a particular index of an array, it can
jump straight to that index in one step because of the combination of the
following facts:

1. A computer can jump to any memory address in one step. (Think of this
as driving to 123 Main Street—you can drive there in one trip since you
know exactly where it is.)

2. Recorded in each array is the memory address which it begins at. So the
computer has this starting address readily.

3. Every array begins at index 0.

In our example, if we tell the computer to read the value at index 3, the
computer goes through the following thought process:

1. Our array begins with index 0 at memory address 1010.

2. Index 3 will be exactly three slots past index 0.

3. So to find index 3, we’d go to memory address 1013, since 1010 + 3 is 1013.

Once the computer jumps to the memory address 1013, it returns the value,
which is "dates".

Reading from an array is, therefore, a very efficient operation, since it takes
just one step. An operation with just one step is naturally the fastest type of
operation. One of the reasons that the array is such a powerful data structure
is that we can look up the value at any index with such speed.

Now, what if instead of asking the computer what value is contained at index
3, we asked whether "dates" is contained within our array? That is the search
operation, and we will explore that next.

Chapter 1. Why Data Structures Matter • 6
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Searching
As we stated previously, searching an array is looking to see whether a partic-
ular value exists within an array and if so, which index it’s located at. Let’s
see how many steps the search operation takes for an array if we were to
search for "dates".

When you and I look at the shopping list, our eyes immediately spot the "dates",
and we can quickly count in our heads that it’s at index 3. However, a computer
doesn’t have eyes, and needs to make its way through the array step by step.

To search for a value within an array, the computer starts at index 0, checks
the value, and if it doesn’t find what it’s looking for, moves on to the next
index. It does this until it finds the value it’s seeking.

The following diagrams demonstrate this process when the computer
searches for "dates" inside our grocery list array:

First, the computer checks index 0:

“apples” “bananas” “cucumbers” “dates” “elderberries”

0 1 2 3 4

Since the value at index 0 is "apples", and not the "dates" that we’re looking for,
the computer moves on to the next index:

“apples” “bananas” “cucumbers” “dates” “elderberries”

0 1 2 3 4

Since index 1 doesn’t contain the "dates" we’re looking for either, the computer
moves on to index 2:

“apples” “bananas” “cucumbers” “dates” “elderberries”

0 1 2 3 4
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Once again, we’re out of luck, so the computer moves to the next cell:

“apples” “bananas” “cucumbers” “dates” “elderberries”

0 1 2 3 4

Aha! We’ve found the elusive "dates". We now know that the "dates" are at index
3. At this point, the computer does not need to move on to the next cell of
the array, since we’ve already found what we’re looking for.

In this example, since we had to check four different cells until we found the
value we were searching for, we’d say that this particular operation took a
total of four steps.

In Why Algorithms Matter, we’ll learn about another way to search, but this
basic search operation—in which the computer checks each cell one at a
time—is known as linear search.

Now, what is the maximum number of steps a computer would need to conduct
a linear search on an array?

If the value we’re seeking happens to be in the final cell in the array (like
"elderberries"), then the computer would end up searching through every cell
of the array until it finally finds the value it’s looking for. Also, if the value
we’re looking for doesn’t occur in the array at all, the computer would likewise
have to search every cell so it can be sure that the value doesn’t exist within
the array.

So it turns out that for an array of five cells, the maximum number of steps
that linear search would take is five. For an array of 500 cells, the maximum
number of steps that linear search would take is 500.

Another way of saying this is that for N cells in an array, linear search will
take a maximum of N steps. In this context, N is just a variable that can be
replaced by any number.

In any case, it’s clear that searching is less efficient than reading, since
searching can take many steps, while reading always takes just one step no
matter how large the array.

Next, we’ll analyze the operation of insertion—or, inserting a new value into
an array.
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Insertion
The efficiency of inserting a new piece of data inside an array depends on
where inside the array you’d like to insert it.

Let’s say we wanted to add "figs" to the very end of our shopping list. Such an
insertion takes just one step. As we’ve seen earlier, the computer knows which
memory address the array begins at. Now, the computer also knows how
many elements the array currently contains, so it can calculate which mem-
ory address it needs to add the new element to, and can do so in one step.
See the following diagram:

“apples” “bananas” “cucumbers” “dates” “elderberries” “figs”

1010 1011 1012 1013 1014 1015

Inserting a new piece of data at the beginning or the middle of an array,
however, is a different story. In these cases, we need to shift many pieces of
data to make room for what we’re inserting, leading to additional steps.

For example, let’s say we wanted to add "figs" to index 2 within the array. See
the following diagram:

“apples” “bananas” “cucumbers” “dates” “elderberries”

“figs”
we want to insert “figs” here next cell in

memory

To do this, we need to move "cucumbers", "dates", and "elderberries" to the right to
make room for the "figs". But even this takes multiple steps, since we need to
first move "elderberries" one cell to the right to make room to move "dates". We
then need to move "dates" to make room for the "cucumbers". Let’s walk through
this process.
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Step #1: We move "elderberries" to the right:

“apples” “bananas” “cucumbers” “dates” “elderberries”

“figs”

Step #2: We move "dates" to the right:

“apples” “bananas” “cucumbers” “dates” “elderberries”

“figs”

Step #3: We move "cucumbers" to the right:

“apples” “bananas” “cucumbers” “dates” “elderberries”

“figs”

Step #4: Finally, we can insert "figs" into index 2:

“apples” “bananas” “cucumbers” “dates” “elderberries”“figs”

We can see that in the preceding example, there were four steps. Three of the
steps were shifting data to the right, while one step was the actual insertion
of the new value.

The worst-case scenario for insertion into an array—that is, the scenario in
which insertion takes the most steps—is where we insert data at the beginning
of the array. This is because when inserting into the beginning of the array,
we have to move all the other values one cell to the right.

So we can say that insertion in a worst-case scenario can take up to N + 1
steps for an array containing N elements. This is because the worst-case
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scenario is inserting a value into the beginning of the array in which there
are N shifts (every data element of the array) and one insertion.

The final operation we’ll explore—deletion—is like insertion, but in reverse.

Deletion
Deletion from an array is the process of eliminating the value at a particular
index.

Let’s return to our original example array, and delete the value at index 2. In
our example, this would be the "cucumbers".

Step #1: We delete "cucumbers" from the array:

“apples” “bananas” “dates” “elderberries”

While the actual deletion of "cucumbers" technically took just one step, we now
have a problem: we have an empty cell sitting smack in the middle of our
array. An array is not allowed to have gaps in the middle of it, so to resolve
this issue, we need to shift "dates" and "elderberries" to the left.

Step #2: We shift "dates" to the left:

“apples” “bananas” “dates” “elderberries”

Step #3: We shift "elderberries" to the left:

“apples” “bananas” “dates” “elderberries”

So it turns out that for this deletion, the entire operation took three steps.
The first step was the actual deletion, and the other two steps were data shifts
to close the gap.
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So we’ve just seen that when it comes to deletion, the actual deletion itself is
really just one step, but we need to follow up with additional steps of shifting
data to the left to close the gap caused by the deletion.

Like insertion, the worst-case scenario of deleting an element is deleting the
very first element of the array. This is because index 0 would be empty, which
is not allowed for arrays, and we’d have to shift all the remaining elements
to the left to fill the gap.

For an array of five elements, we’d spend one step deleting the first element,
and four steps shifting the four remaining elements. For an array of 500 ele-
ments, we’d spend one step deleting the first element, and 499 steps shifting
the remaining data. We can conclude, then, that for an array containing N
elements, the maximum number of steps that deletion would take is N steps.

Now that we’ve learned how to analyze the time complexity of a data structure,
we can discover how different data structures have different efficiencies. This
is extremely important, since choosing the correct data structure for your pro-
gram can have serious ramifications as to how performant your code will be.

The next data structure—the set—is so similar to the array that at first glance,
it seems that they’re basically the same thing. However, we’ll see that the
operations performed on arrays and sets have different efficiencies.

Sets: How a Single Rule Can Affect Efficiency
Let’s explore another data structure: the set. A set is a data structure that
does not allow duplicate values to be contained within it.

There are actually different types of sets, but for this discussion, we’ll talk
about an array-based set. This set is just like an array—it is a simple list of
values. The only difference between this set and a classic array is that the
set never allows duplicate values to be inserted into it.

For example, if you had the set ["a", "b", "c"] and tried to add another "b", the
computer just wouldn’t allow it, since a "b" already exists within the set.

Sets are useful when you need to ensure that you don’t have duplicate data.

For instance, if you’re creating an online phone book, you don’t want the
same phone number appearing twice. In fact, I’m currently suffering from
this with my local phone book: my home phone number is not just listed for
myself, but it is also erroneously listed as the phone number for some family
named Zirkind. (Yes, this is a true story.) Let me tell you—it’s quite annoying
to receive phone calls and voicemails from people looking for the Zirkinds.
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For that matter, I’m sure the Zirkinds are also wondering why no one ever
calls them. And when I call the Zirkinds to let them know about the error,
my wife picks up the phone because I’ve called my own number. (Okay, that
last part never happened.) If only the program that produced the phone book
had used a set…

In any case, a set is an array with one simple constraint of not allowing
duplicates. Yet, this constraint actually causes the set to have a different
efficiency for one of the four primary operations.

Let’s analyze the reading, searching, insertion, and deletion operations in
context of an array-based set.

Reading from a set is exactly the same as reading from an array—it takes just
one step for the computer to look up what is contained within a particular index.
As we described earlier, this is because the computer can jump to any index
within the set since it knows the memory address that the set begins at.

Searching a set also turns out to be no different than searching an array—it
takes up to N steps to search to see if a value exists within a set. And deletion
is also identical between a set and an array—it takes up to N steps to delete
a value and move data to the left to close the gap.

Insertion, however, is where arrays and sets diverge. Let’s first explore inserting
a value at the end of a set, which was a best-case scenario for an array. With
an array, the computer can insert a value at its end in a single step.

With a set, however, the computer first needs to determine that this value
doesn’t already exist in this set—because that’s what sets do: they prevent
duplicate data. So every insert first requires a search.

Let’s say that our grocery list was a set—and that would be a decent choice
since we don’t want to buy the same thing twice, after all. If our current set
is ["apples", "bananas", "cucumbers", "dates", "elderberries"], and we wanted to insert
"figs", we’d have to conduct a search and go through the following steps:

Step #1: Search index 0 for "figs":

“apples” “bananas” “cucumbers” “dates” “elderberries”
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It’s not there, but it might be somewhere else in the set. We need to make
sure that "figs" does not exist anywhere before we can insert it.

Step #2: Search index 1:

“apples” “bananas” “cucumbers” “dates” “elderberries”

Step #3: Search index 2:

“apples” “bananas” “cucumbers” “dates” “elderberries”

Step #4: Search index 3:

“apples” “bananas” “cucumbers” “dates” “elderberries”

Step #5: Search index 4:

“apples” “bananas” “cucumbers” “dates” “elderberries”

Only now that we’ve searched the entire set do we know that it’s safe to insert
"figs". And that brings us to our final step.

Step #6: Insert "figs" at the end of the set:

“apples” “bananas” “cucumbers” “dates” “elderberries” “figs”
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Inserting a value at the end of a set is still the best-case scenario, but we still
had to perform six steps for a set originally containing five elements. That is,
we had to search all five elements before performing the final insertion step.

Said another way: insertion into a set in a best-case scenario will take N + 1
steps for N elements. This is because there are N steps of search to ensure
that the value doesn’t already exist within the set, and then one step for the
actual insertion.

In a worst-case scenario, where we’re inserting a value at the beginning of a
set, the computer needs to search N cells to ensure that the set doesn’t already
contain that value, and then another N steps to shift all the data to the right,
and another final step to insert the new value. That’s a total of 2N + 1 steps.

Now, does this mean that you should avoid sets just because insertion is
slower for sets than regular arrays? Absolutely not. Sets are important when
you need to ensure that there is no duplicate data. (Hopefully, one day my
phone book will be fixed.) But when you don’t have such a need, an array
may be preferable, since insertions for arrays are more efficient than insertions
for sets. You must analyze the needs of your own application and decide
which data structure is a better fit.

Wrapping Up
Analyzing the number of steps that an operation takes is the heart of under-
standing the performance of data structures. Choosing the right data structure
for your program can spell the difference between bearing a heavy load vs.
collapsing under it. In this chapter in particular, you’ve learned to use this
analysis to weigh whether an array or a set might be the appropriate choice
for a given application.

Now that we’ve begun to learn how to think about the time complexity of data
structures, we can also use the same analysis to compare competing algorithms
(even within the same data structure) to ensure the ultimate speed and perfor-
mance of our code. And that’s exactly what the next chapter is about.
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CHAPTER 2

Why Algorithms Matter
In the previous chapter, we took a look at our first data structures and saw
how choosing the right data structure can significantly affect the performance
of our code. Even two data structures that seem so similar, such as the array
and the set, can make or break a program if they encounter a heavy load.

In this chapter, we’re going to discover that even if we decide on a particular
data structure, there is another major factor that can affect the efficiency of
our code: the proper selection of which algorithm to use.

Although the word algorithm sounds like something complex, it really isn’t.
An algorithm is simply a particular process for solving a problem. For example,
the process for preparing a bowl of cereal can be called an algorithm. The
cereal-preparation algorithm follows these four steps (for me, at least):

1. Grab a bowl.

2. Pour cereal in the bowl.

3. Pour milk in the bowl.

4. Dip a spoon in the bowl.

When applied to computing, an algorithm refers to a process for going about
a particular operation. In the previous chapter, we analyzed four major
operations, including reading, searching, insertion, and deletion. In this
chapter, we’ll see that at times, it’s possible to go about an operation in more
than one way. That is to say, there are multiple algorithms that can achieve
a particular operation.

We’re about to see how the selection of a particular algorithm can make our
code either fast or slow—even to the point where it stops working under a lot
of pressure. But first, let’s take a look at a new data structure: the ordered
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array. We’ll see how there is more than one algorithm for searching an ordered
array, and we’ll learn how to choose the right one.

Ordered Arrays
The ordered array is almost identical to the array we discussed in the previous
chapter. The only difference is that ordered arrays require that the values are
always kept—you guessed it—in order. That is, every time a value is added,
it gets placed in the proper cell so that the values of the array remain sorted.
In a standard array, on the other hand, values can be added to the end of
the array without taking the order of the values into consideration.

For example, let’s take the array [3, 17, 80, 202]:

3 17 80 202
Assume that we wanted to insert the value 75. If this array were a regular
array, we could insert the 75 at the end, as follows:

3 17 80 202 75

As we noted in the previous chapter, the computer can accomplish this in a
single step.

On the other hand, if this were an ordered array, we’d have no choice but to
insert the 75 in the proper spot so that the values remained in ascending order:

3 17 80 20275

Now, this is easier said than done. The computer cannot simply drop the 75
into the right slot in a single step, because first it has to find the right place
in which the 75 needs to be inserted, and then shift other values to make
room for it. Let’s break down this process step by step.

Let’s start again with our original ordered array:

3 17 80 202
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Step #1: We check the value at index 0 to determine whether the value we
want to insert—the 75—should go to its left or to its right:

3 17 80 202

Since 75 is greater than 3, we know that the 75 will be inserted somewhere
to its right. However, we don’t know yet exactly which cell it should be
inserted into, so we need to check the next cell.

Step #2: We inspect the value at the next cell:

3 17 80 202

75 is greater than 17, so we need to move on.

Step #3: We check the value at the next cell:

3 17 80 202

We’ve encountered the value 80, which is greater than the 75 that we wish
to insert. Since we’ve reached the first value which is greater than 75, we can
conclude that the 75 must be placed immediately to the left of this 80 to
maintain the order of this ordered array. To do that, we need to shift data to
make room for the 75.

Step #4: Move the final value to the right:

3 17 80 202

Step #5: Move the next-to-last value to the right:

3 17 80 202
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Step #6: We can finally insert the 75 into its correct spot:

3 17 80 20275

It emerges that when inserting into an ordered array, we need to always
conduct a search before the actual insertion to determine the correct spot for
the insertion. That is one key difference (in terms of efficiency) between a
standard array and an ordered array.

While insertion is less efficient by an ordered array than in a regular array,
the ordered array has a secret superpower when it comes to the search
operation.

Searching an Ordered Array
In the previous chapter, we described the process for searching for a particular
value within a regular array: we check each cell one at a time—from left to
right—until we find the value we’re looking for. We noted that this process is
referred to as linear search.

Let’s see how linear search differs between a regular and ordered array.

Say that we have a regular array of [17, 3, 75, 202, 80]. If we were to search for
the value 22—which happens to be nonexistent in our example—we would
need to search each and every element because the 22 could potentially be
anywhere in the array. The only time we could stop our search before we
reach the array’s end is if we happen to find the value we’re looking for before
we reach the end.

With an ordered array, however, we can stop a search early even if the value
isn’t contained within the array. Let’s say we’re searching for a 22 within an
ordered array of [3, 17, 75, 80, 202]. We can stop the search as soon as we reach
the 75, since it’s impossible that the 22 is anywhere to the right of it.

Here’s a Ruby implementation of linear search on an ordered array:

def linear_search(array, value)

# We iterate through every element in the array:
array.each do |element|

# If we find the value we're looking for, we return it:
if element == value
return value
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# If we reach an element that is greater than the value
# we're looking for, we can exit the loop early:
elsif element > value
break

end
end

# We return nil if we do not find the value within the array:
return nil

end

In this light, linear search will take fewer steps in an ordered array vs. a
standard array in most situations. That being said, if we’re searching for a
value that happens to be the final value or greater than the final value, we
will still end up searching each and every cell.

At first glance, then, standard arrays and ordered arrays don’t have tremen-
dous differences in efficiency.

But that is because we have not yet unlocked the power of algorithms. And
that is about to change.

We’ve been assuming until now that the only way to search for a value within
an ordered array is linear search. The truth, however, is that linear search
is only one possible algorithm—that is, it is one particular process for going
about searching for a value. It is the process of searching each and every cell
until we find the desired value. But it is not the only algorithm we can use to
search for a value.

The big advantage of an ordered array over a regular array is that an ordered
array allows for an alternative searching algorithm. This algorithm is known
as binary search, and it is a much, much faster algorithm than linear search.

Binary Search
You’ve probably played this guessing game when you were a child (or maybe
you play it with your children now): I’m thinking of a number between 1 and
100. Keep on guessing which number I’m thinking of, and I’ll let you know
whether you need to guess higher or lower.

You know intuitively how to play this game. You wouldn’t start the guessing
by choosing the number 1. You’d start with 50 which is smack in the middle.
Why? Because by selecting 50, no matter whether I tell you to guess higher
or lower, you’ve automatically eliminated half the possible numbers!

report erratum  •  discuss

Binary Search • 21

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


If you guess 50 and I tell you to guess higher, you’d then pick 75, to eliminate
half of the remaining numbers. If after guessing 75, I told you to guess lower,
you’d pick 62 or 63. You’d keep on choosing the halfway mark in order to
keep eliminating half of the remaining numbers.

Let’s visualize this process with a similar game, except that we’re told to guess
a number between 1 and 10:

“Guess which number
I’m thinking of.”

1 2 3 4 5 6 7 8 9 10 “5”

“Higher”

1 2 3 4 5 6 7 8 9 10 “8”

“Lower”

1 2 3 4 5 6 7 8 9 10 “6”

“Higher”

1 2 3 4 5 6 7 8 9 10 “7”

“That’s
it!”

This, in a nutshell, is binary search.

The major advantage of an ordered array over a standard array is that we
have the option of performing a binary search rather than a linear search.
Binary search is impossible with a standard array because the values can be
in any order.

To see this in action, let’s say we had an ordered array containing nine ele-
ments. To the computer, it doesn’t know what value each cell contains, so
we will portray the array like this:

? ? ? ? ? ? ? ? ?
Say that we’d like to search for the value 7 inside this ordered array. We can
do so using binary search:

Step #1: We begin our search from the central cell. We can easily jump to
this cell since we know the length of the array, and can just divide that
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number by two and jump to the appropriate memory address. We check the
value at that cell:

? ? ? ? 9 ? ? ? ?

Since the value uncovered is a 9, we can conclude that the 7 is somewhere
to its left. We’ve just successfully eliminated half of the array’s cells—that is,
all the cells to the right of the 9 (and the 9 itself):

? ? ? ? 9 ? ? ? ?
Step #2: Among the cells to the left of the 9, we inspect the middlemost value.
There are two middlemost values, so we arbitrarily choose the left one:

? 4 ? ? 9 ? ? ? ?

It’s a 4, so the 7 must be somewhere to its right. We can eliminate the 4 and
the cell to its left:

? 4 ? ? 9 ? ? ? ?
Step #3: There are two more cells where the 7 can be. We arbitrarily choose
the left one:

? 4 6 ? 9 ? ? ? ?

Step #4: We inspect the final remaining cell. (If it’s not there, that means that
there is no 7 within this ordered array.)

? 4 6 7 9 ? ? ? ?
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We’ve found the 7 successfully in four steps. While this is the same number
of steps linear search would have taken in this example, we’ll demonstrate
the power of binary search shortly.

Here’s an implementation of binary search in Ruby:

def binary_search(array, value)

# First, we establish the lower and upper bounds of where the value
# we're searching for can be. To start, the lower bound is the first
# value in the array, while the upper bound is the last value:

lower_bound = 0
upper_bound = array.length - 1

# We begin a loop in which we keep inspecting the middlemost value
# between the upper and lower bounds:

while lower_bound <= upper_bound do

# We find the midpoint between the upper and lower bounds:
# (We don't have to worry about the result being a non-integer
# since in Ruby, the result of division of integers will always
# be rounded down to the nearest integer.)

midpoint = (upper_bound + lower_bound) / 2

# We inspect the value at the midpoint:

value_at_midpoint = array[midpoint]

# If the value at the midpoint is the one we're looking for, we're done.
# If not, we change the lower or upper bound based on whether we need
# to guess higher or lower:

if value < value_at_midpoint
upper_bound = midpoint - 1

elsif value > value_at_midpoint
lower_bound = midpoint + 1

elsif value == value_at_midpoint
return midpoint

end
end

# If we've narrowed the bounds until they've reached each other, that
# means that the value we're searching for is not contained within
# this array:

return nil
end

Binary Search vs. Linear Search
With ordered arrays of a small size, the algorithm of binary search doesn’t
have much of an advantage over the algorithm of linear search. But let’s see
what happens with larger arrays.
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With an array containing one hundred values, here are the maximum numbers
of steps it would take for each type of search:

• Linear search: one hundred steps
• Binary search: seven steps

With linear search, if the value we’re searching for is in the final cell or is
greater than the value in the final cell, we have to inspect each and every
element. For an array the size of 100, this would take one hundred steps.

When we use binary search, however, each guess we make eliminates half of
the possible cells we’d have to search. In our very first guess, we get to elimi-
nate a whopping fifty cells.

Let’s look at this another way, and we’ll see a pattern emerge:

With an array of size 3, the maximum number of steps it would take to find
something using binary search is two.

If we double the number of cells in the array (and add one more to keep the
number odd for simplicity’s sake), there are seven cells. For such an array,
the maximum number of steps to find something using binary search is three.

If we double it again (and add one) so that the ordered array contains fifteen
elements, the maximum number of steps to find something using binary
search is four.

The pattern that emerges is that for every time we double the number of items
in the ordered array, the number of steps needed for binary search increases
by just one.

This pattern is unusually efficient: for every time we double the data, the
binary search algorithm adds a maximum of just one more step.

Contrast this with linear search. If you had three items, you’d need up to
three steps. For seven elements, you’d need a maximum of seven steps. For
one hundred, you’d need up to one hundred steps. With linear search, there
are as many steps as there are items. For linear search, every time we double
the number of elements in the array, we double the number of steps we need
to find something. For binary search, every time we double the number of
elements in the array, we only need to add one more step.

We can visualize the difference in performance between linear and binary
search with this graph on page 26.

Let’s see how this plays out for even larger arrays. With an array of 10,000
elements, a linear search can take up to 10,000 steps, while binary search
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takes up to a maximum of just thirteen steps. For an array the size of one
million, linear search would take up to one million steps, while binary search
would take up to just twenty steps.

Again, keep in mind that ordered arrays aren’t faster in every respect. As
you’ve seen, insertion in ordered arrays is slower than in standard arrays.
But here’s the trade-off: by using an ordered array, you have somewhat
slower insertion, but much faster search. Again, you must always analyze
your application to see what is a better fit.

Wrapping Up
And this is what algorithms are all about. Often, there is more than one way
to achieve a particular computing goal, and the algorithm you choose can
seriously affect the speed of your code.

It’s also important to realize that there usually isn’t a single data structure
or algorithm that is perfect for every situation. For example, just because
ordered arrays allow for binary search doesn’t mean you should always use
ordered arrays. In situations where you don’t anticipate searching the data
much, but only adding data, standard arrays may be a better choice because
their insertion is faster.

As we’ve seen, the way to analyze competing algorithms is to count the
number of steps each one takes.

In the next chapter, we’re going to learn about a formalized way of expressing
the time complexity of competing data structures and algorithms. Having this
common language will give us clearer information that will allow us to make
better decisions about which algorithms we choose.
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CHAPTER 3

Oh Yes! Big O Notation
We’ve seen in the preceding chapters that the number of steps that an algo-
rithm takes is the primary factor in determining its efficiency.

However, we can’t simply label one algorithm a “22-step algorithm” and
another a “400-step algorithm.” This is because the number of steps that an
algorithm takes cannot be pinned down to a single number. Let’s take linear
search, for example. The number of steps that linear search takes varies, as
it takes as many steps as there are cells in the array. If the array contains
twenty-two elements, linear search takes twenty-two steps. If the array has
400 elements, however, linear search takes 400 steps.

The more accurate way to quantify efficiency of linear search is to say that
linear search takes N steps for N elements in the array. Of course, that’s a
pretty wordy way of expressing this concept.

In order to help ease communication regarding time complexity, computer
scientists have borrowed a concept from the world of mathematics to describe
a concise and consistent language around the efficiency of data structures
and algorithms. Known as Big O Notation, this formalized expression around
these concepts allows us to easily categorize the efficiency of a given algorithm
and convey it to others.

Once you understand Big O Notation, you’ll have the tools to analyze every
algorithm going forward in a consistent and concise way—and it’s the way
that the pros use.

While Big O Notation comes from the math world, we’re going to leave out all
the mathematical jargon and explain it as it relates to computer science.
Additionally, we’re going to begin by explaining Big O Notation in very simple
terms, and continue to refine it as we proceed through this and the next three

report erratum  •  discuss

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


chapters. It’s not a difficult concept, but we’ll make it even easier by
explaining it in chunks over multiple chapters.

Big O: Count the Steps
Instead of focusing on units of time, Big O achieves consistency by focusing
only on the number of steps that an algorithm takes.

In Why Data Structures Matter, we discovered that reading from an array takes
just one step, no matter how large the array is. The way to express this in
Big O Notation is:

O(1)

Many pronounce this verbally as “Big Oh of 1.” Others call it “Order of 1.” My
personal preference is “Oh of 1.” While there is no standardized way to pro-
nounce Big O Notation, there is only one way to write it.

O(1) simply means that the algorithm takes the same number of steps no
matter how much data there is. In this case, reading from an array always
takes just one step no matter how much data the array contains. On an old
computer, that step may have taken twenty minutes, and on today’s hardware
it may take just a nanosecond. But in both cases, the algorithm takes just a
single step.

Other operations that fall under the category of O(1) are the insertion and
deletion of a value at the end of an array. As we’ve seen, each of these opera-
tions takes just one step for arrays of any size, so we’d describe their efficiency
as O(1).

Let’s examine how Big O Notation would describe the efficiency of linear
search. Recall that linear search is the process of searching an array for a
particular value by checking each cell, one at a time. In a worst-case scenario,
linear search will take as many steps as there are elements in the array. As
we’ve previously phrased it: for N elements in the array, linear search can
take up to a maximum of N steps.

The appropriate way to express this in Big O Notation is:

O(N)

I pronounce this as “Oh of N.”

O(N) is the “Big O” way of saying that for N elements inside an array, the
algorithm would take N steps to complete. It’s that simple.
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So Where’s the Math?

As I mentioned, in this book, I’m taking an easy-to-understand approach to the topic of
Big O. That’s not the only way to do it; if you were to take a traditional college course on
algorithms, you’d probably be introduced to Big O from a mathematical perspective. Big
O is originally a concept from mathematics, and therefore it’s often described in mathe-
matical terms. For example, one way of describing Big O is that it describes the upper
bound of the growth rate of a function, or that if a function g(x) grows no faster than a
function f(x), then g is said to be a member of O(f). Depending on your mathematics
background, that either makes sense, or doesn’t help very much. I’ve written this book
so that you don’t need as much math to understand the concept.

If you want to dig further into the math behind Big O, check out Introduction to
Algorithms by Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford
Stein (MIT Press, 2009) for a full mathematical explanation. Justin Abrahms provides
a pretty good definition in his article: https://justin.abrah.ms/computer-science/understanding-big-
o-formal-definition.html. Also, the Wikipedia article on Big O (https://en.wikipedia.org/wiki/
Big_O_notation) takes a fairly heavy mathematical approach.

Constant Time vs. Linear Time
Now that we’ve encountered O(N), we can begin to see that Big O Notation does
more than simply describe the number of steps that an algorithm takes, such
as a hard number such as 22 or 400. Rather, it describes how many steps an
algorithm takes based on the number of data elements that the algorithm is acting
upon. Another way of saying this is that Big O answers the following question:
how does the number of steps change as the data increases?

An algorithm that is O(N) will take as many steps as there are elements of
data. So when an array increases in size by one element, an O(N) algorithm
will increase by one step. An algorithm that is O(1) will take the same number
of steps no matter how large the array gets.

Look at how these two types of algorithms are plotted on a graph on page 30.

You’ll see that O(N) makes a perfect diagonal line. This is because for every
additional piece of data, the algorithm takes one additional step. Accordingly,
the more data, the more steps the algorithm will take. For the record, O(N) is
also known as linear time.

Contrast this with O(1), which is a perfect horizontal line, since the number
of steps in the algorithm remains constant no matter how much data there
is. Because of this, O(1) is also referred to as constant time.
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As Big O is primarily concerned about how an algorithm performs across
varying amounts of data, an important point emerges: an algorithm can be
described as O(1) even if it takes more than one step. Let’s say that a partic-
ular algorithm always takes three steps, rather than one—but it always takes
these three steps no matter how much data there is. On a graph, such an
algorithm would look like this:
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O(1)

Because the number of steps remains constant no matter how much data
there is, this would also be considered constant time and be described by Big
O Notation as O(1). Even though the algorithm technically takes three steps
rather than one step, Big O Notation considers that trivial. O(1) is the way to
describe any algorithm that doesn’t change its number of steps even when
the data increases.

If a three-step algorithm is considered O(1) as long as it remains constant, it
follows that even a constant 100-step algorithm would be expressed as O(1)
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as well. While a 100-step algorithm is less efficient than a one-step algorithm,
the fact that it is O(1) still makes it more efficient than any O(N) algorithm.

Why is this?

See the following graph:

Number of Elements

Nu
mb

er
 o

f 
St

ep
s

100

O(n)

O(1)

As the graph depicts, for an array of fewer than one hundred elements, O(N)
algorithm takes fewer steps than the O(1) 100-step algorithm. At exactly one
hundred elements, the two algorithms take the same number of steps (100).
But here’s the key point: for all arrays greater than one hundred, the O(N)
algorithm takes more steps.

Because there will always be some amount of data in which the tides turn,
and O(N) takes more steps from that point until infinity, O(N) is considered
to be, on the whole, less efficient than O(1).

The same is true for an O(1) algorithm that always takes one million steps.
As the data increases, there will inevitably reach a point where O(N) becomes
less efficient than the O(1) algorithm, and will remain so up until an infinite
amount of data.

Same Algorithm, Different Scenarios
As we learned in the previous chapters, linear search isn’t always O(N). It’s
true that if the item we’re looking for is in the final cell of the array, it will
take N steps to find it. But where the item we’re searching for is found in the
first cell of the array, linear search will find the item in just one step. Techni-
cally, this would be described as O(1). If we were to describe the efficiency of
linear search in its totality, we’d say that linear search is O(1) in a best-case
scenario, and O(N) in a worst-case scenario.
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While Big O effectively describes both the best- and worst-case scenarios of
a given algorithm, Big O Notation generally refers to worst-case scenario unless
specified otherwise. This is why most references will describe linear search
as being O(N) even though it can be O(1) in a best-case scenario.

The reason for this is that this “pessimistic” approach can be a useful tool:
knowing exactly how inefficient an algorithm can get in a worst-case scenario
prepares us for the worst and may have a strong impact on our choices.

An Algorithm of the Third Kind
In the previous chapter, we learned that binary search on an ordered array
is much faster than linear search on the same array. Let’s learn how to
describe binary search in terms of Big O Notation.

We can’t describe binary search as being O(1), because the number of steps
increases as the data increases. It also doesn’t fit into the category of O(N),
since the number of steps is much fewer than the number of elements that
it searches. As we’ve seen, binary search takes only seven steps for an array
containing one hundred elements.

Binary search seems to fall somewhere in between O(1) and O(N).

In Big O, we describe binary search as having a time complexity of:

O(log N)

I pronounce this as “Oh of log N.” This type of algorithm is also known as
having a time complexity of log time.

Simply put, O(log N) is the Big O way of describing an algorithm that
increases one step each time the data is doubled. As we learned in the previous
chapter, binary search does just that. We’ll see momentarily why this is
expressed as O(log N), but let’s first summarize what we’ve learned so far.

Of the three types of algorithms we’ve learned about so far, they can be sorted
from most efficient to least efficient as follows:

O(1)

O(log N)

O(N)

Let’s look at a graph on page 33 that compares the three types.

Note how O(log N) curves ever-so-slightly upwards, making it less efficient
than O(1), but much more efficient than O(N).
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To understand why this algorithm is called “O(log N),” we need to first
understand what logarithms are. If you’re already familiar with this mathe-
matical concept, you can skip the next section.

Logarithms
Let’s examine why algorithms such as binary search are described as O(log N).
What is a log, anyway?

Log is shorthand for logarithm. The first thing to note is that logarithms have
nothing to do with algorithms, even though the two words look and sound so
similar.

Logarithms are the inverse of exponents. Here’s a quick refresher on what
exponents are:

23 is the equivalent of:

2 * 2 * 2

which just happens to be 8.

Now, log2 8 is the converse of the above. It means: how many times do you
have to multiply 2 by itself to get a result of 8?

Since you have to multiply 2 by itself 3 times to get 8, log2 8 = 3.

Here’s another example:

26 translates to:

2 * 2 * 2 * 2 * 2 * 2 = 64

Since, we had to multiply 2 by itself 6 times to get 64,

log2 64 = 6.
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While the preceding explanation is the official “textbook” definition of loga-
rithms, I like to use an alternative way of describing the same concept because
many people find that they can wrap their heads around it more easily,
especially when it comes to Big O Notation.

Another way of explaining log2 8 is: if we kept dividing 8 by 2 until we ended
up with 1, how many 2s would we have in our equation?

8 / 2 / 2 / 2 = 1

In other words, how many times do we need to divide 8 by 2 until we end up
with 1? In this example, it takes us 3 times. Therefore,

log2 8 = 3.

Similarly, we could explain log2 64 as: how many times do we need to halve
64 until we end up with 1?

64 / 2 / 2 / 2 / 2 / 2 / 2 = 1

Since there are 6 2s, log2 64 = 6.

Now that you understand what logarithms are, the meaning behind O(log N)
will become clear.

O(log N) Explained
Let’s bring this all back to Big O Notation. Whenever we say O(log N), it’s
actually shorthand for saying O(log2 N). We’re just omitting that small 2 for
convenience.

Recall that O(N) means that for N data elements, the algorithm would take N
steps. If there are eight elements, the algorithm would take eight steps.

O(log N) means that for N data elements, the algorithm would take log2 N
steps. If there are eight elements, the algorithm would take three steps, since
log2 8 = 3.

Said another way, if we keep dividing the eight elements in half, it would take
us three steps until we end up with one element.

This is exactly what happens with binary search. As we search for a particular
item, we keep dividing the array’s cells in half until we narrow it down to the
correct number.

Said simply: O(log N) means that the algorithm takes as many steps as it takes
to keep halving the data elements until we remain with one.

Chapter 3. Oh Yes! Big O Notation • 34

report erratum  •  discuss

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


The following table demonstrates a striking difference between the efficiencies
of O(N) and O(log N):

O(log N)O(N)N Elements

388

41616

53232

66464

7128128

8256256

9512512

1010241024

While the O(N) algorithm takes as many steps as there are data elements, the
O(log N) algorithm takes just one additional step every time the data elements
are doubled.

In future chapters, we will encounter algorithms that fall under categories of
Big O Notation other than the three we’ve learned about so far. But in the
meantime, let’s apply these concepts to some examples of everyday code.

Practical Examples
Here’s some typical Python code that prints out all the items from a list:

things = ['apples', 'baboons', 'cribs', 'dulcimers']

for thing in things:
print "Here's a thing: %s" % thing

How would we describe the efficiency of this algorithm in Big O Notation?

The first thing to realize is that this is an example of an algorithm. While it
may not be fancy, any code that does anything at all is technically an algo-
rithm—it’s a particular process for solving a problem. In this case, the problem
is that we want to print out all the items from a list. The algorithm we use to
solve this problem is a for loop containing a print statement.

To break this down, we need to analyze how many steps this algorithm takes.
In this case, the main part of the algorithm—the for loop—takes four steps.
In this example, there are four things in the list, and we print each one out
one time.
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However, this process isn’t constant. If the list would contain ten elements,
the for loop would take ten steps. Since this for loop takes as many steps as
there are elements, we’d say that this algorithm has an efficiency of O(N).

Let’s take another example. Here is one of the most basic code snippets known
to mankind:

print 'Hello world!'

The time complexity of the preceding algorithm (printing “Hello world!”) is
O(1), because it always takes one step.

The next example is a simple Python-based algorithm for determining whether
a number is prime:

def is_prime(number):
for i in range(2, number):

if number % i == 0:
return False

return True

The preceding code accepts a number as an argument and begins a for loop in
which we divide every number from 2 up to that number and see if there’s a
remainder. If there’s no remainder, we know that the number is not prime
and we immediately return False. If we make it all the way up to the number
and always find a remainder, then we know that the number is prime and
we return True.

The efficiency of this algorithm is O(N). In this example, the data does not
take the form of an array, but the actual number passed in as an argument.
If we pass the number 7 into is_prime, the for loop runs for about seven steps.
(It really runs for five steps, since it starts at two and ends right before the
actual number.) For the number 101, the loop runs for about 101 steps. Since
the number of steps increases in lockstep with the number passed into the
function, this is a classic example of O(N).

Wrapping Up
Now that we understand Big O Notation, we have a consistent system that
allows us to compare any two algorithms. With it, we will be able to examine
real-life scenarios and choose between competing data structures and algo-
rithms to make our code faster and able to handle heavier loads.

In the next chapter, we’ll encounter a real-life example in which we use Big
O Notation to speed up our code significantly.
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CHAPTER 4

Speeding Up Your Code with Big O
Big O Notation is a great tool for comparing competing algorithms, as it gives
an objective way to measure them. We’ve already been able to use it to
quantify the difference between binary search vs. linear search, as binary
search is O(log N)—a much faster algorithm than linear search, which is O(N).

However, there may not always be two clear alternatives when writing everyday
code. Like most programmers, you probably use whatever approach pops into
your head first. With Big O, you have the opportunity to compare your algo-
rithm to general algorithms out there in the world, and you can say to yourself,
“Is this a fast or slow algorithm as far as algorithms generally go?”

If you find that Big O labels your algorithm as a “slow” one, you can now take
a step back and try to figure out if there’s a way to optimize it by trying to get
it to fall under a faster category of Big O. This may not always be possible, of
course, but it’s certainly worth thinking about before concluding that it’s not.

In this chapter, we’ll write some code to solve a practical problem, and then
measure our algorithm using Big O. We’ll then see if we might be able to modify
the algorithm in order to give it a nice efficiency bump. (Spoiler: we will.)

Bubble Sort
Before jumping into our practical problem, though, we need to first learn about
a new category of algorithmic efficiency in the world of Big O. To demonstrate
it, we’ll get to use one of the classic algorithms of computer science lore.

Sorting algorithms have been the subject of extensive research in computer
science, and tens of such algorithms have been developed over the years.
They all solve the following problem:

Given an array of unsorted numbers, how can we sort them so that they end
up in ascending order?
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In this and the following chapters, we’re going to encounter a number of these
sorting algorithms. Some of the first ones we’ll be learning about are known
as “simple sorts,” in that they are easier to understand, but are not as efficient
as some of the faster sorting algorithms out there.

Bubble Sort is a very basic sorting algorithm, and follows these steps:

1. Point to two consecutive items in the array. (Initially, we start at the very
beginning of the array and point to its first two items.) Compare the first
item with the second one:

2. If the two items are out of order (in other words, the left value is greater
than the right value), swap them:

(If they already happen to be in the correct order, do nothing for this step.)

3. Move the “pointers” one cell to the right:

Repeat steps 1 and 2 until we reach the end of the array or any items
that have already been sorted.

4. Repeat steps 1 through 3 until we have a round in which we didn’t have
to make any swaps. This means that the array is in order.

Each time we repeat steps 1 through 3 is known as a passthrough. That
is, we “passed through” the primary steps of the algorithm, and will repeat
the same process until the array is fully sorted.

Bubble Sort in Action
Let’s walk through a complete example. Assume that we wanted to sort the
array [4, 2, 7, 1, 3]. It’s currently out of order, and we want to produce an array
containing the same values in the correct, ascending order.
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Let’s begin Passthrough #1:

This is our starting array:

Step #1: First, we compare the 4 and the 2. They’re out of order:

Step #2: So we swap them:

Step #3: Next, we compare the 4 and the 7:

They’re in the correct order, so we don’t need to perform any swaps.

Step #4: We now compare the 7 and the 1:

Step #5: They’re out of order, so we swap them:

Step #6: We compare the 7 and the 3:

report erratum  •  discuss

Bubble Sort in Action • 39

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


Step #7: They’re out of order, so we swap them:

We now know for a fact that the 7 is in its correct position within the array,
because we kept moving it along to the right until it reached its proper place.
We’ve put little lines surrounding it to indicate this fact.

This is actually the reason that this algorithm is called Bubble Sort: in each
passthrough, the highest unsorted value “bubbles” up to its correct position.

Since we made at least one swap during this passthrough, we need to conduct
another one.

We begin Passthrough #2:

The 7 is already in the correct position:

Step #8: We begin by comparing the 2 and the 4:

They’re in the correct order, so we can move on.

Step #9: We compare the 4 and the 1:

Step #10: They’re out of order, so we swap them:
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Step #11: We compare the 4 and the 3:

Step #12: They’re out of order, so we swap them:

We don’t have to compare the 4 and the 7 because we know that the 7 is
already in its correct position from the previous passthrough. And now we
also know that the 4 is bubbled up to its correct position as well. This con-
cludes our second passthrough. Since we made at least one swap during this
passthrough, we need to conduct another one.

We now begin Passthrough #3:

Step #13: We compare the 2 and the 1:

Step #14: They’re out of order, so we swap them:

Step #15: We compare the 2 and the 3:

They’re in the correct order, so we don’t need to swap them.

We now know that the 3 has bubbled up to its correct spot. Since we made
at least one swap during this passthrough, we need to perform another one.
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And so begins Passthrough #4:

Step #16: We compare the 1 and the 2:

Since they’re in order, we don’t need to swap. We can end this passthrough,
since all the remaining values are already correctly sorted.

Now that we’ve made a passthrough that didn’t require any swaps, we know
that our array is completely sorted:

Bubble Sort Implemented
Here’s an implementation of Bubble Sort in Python:

def bubble_sort(list):
unsorted_until_index = len(list) - 1
sorted = False

while not sorted:
sorted = True
for i in range(unsorted_until_index):

if list[i] > list[i+1]:
sorted = False
list[i], list[i+1] = list[i+1], list[i]

unsorted_until_index = unsorted_until_index - 1

list = [65, 55, 45, 35, 25, 15, 10]
bubble_sort(list)
print list

Let’s break this down line by line. We’ll first present the line of code, followed
by its explanation.

unsorted_until_index = len(list) - 1

We keep track of up to which index is still unsorted with the unsorted_until_index
variable. At the beginning, the array is totally unsorted, so we initialize this
variable to be the final index in the array.

sorted = False
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We also create a sorted variable that will allow us to keep track whether the
array is fully sorted. Of course, when our code first runs, it isn’t.

while not sorted:
sorted = True

We begin a while loop that will last as long as the array is not sorted. Next, we
preliminarily establish sorted to be True. We’ll change this back to False as soon
as we have to make any swaps. If we get through an entire passthrough
without having to make any swaps, we’ll know that the array is completely
sorted.

for i in range(unsorted_until_index):
if list[i] > list[i+1]:

sorted = False
list[i], list[i+1] = list[i+1], list[i]

Within the while loop, we begin a for loop that starts from the beginning of the
array and goes until the index that has not yet been sorted. Within this loop,
we compare every pair of adjacent values, and swap them if they’re out of
order. We also change sorted to False if we have to make a swap.

unsorted_until_index = unsorted_until_index - 1

By this line of code, we’ve completed another passthrough, and can safely
assume that the value we’ve bubbled up to the right is now in its correct
position. Because of this, we decrement the unsorted_until_index by 1, since the
index it was already pointing to is now sorted.

Each round of the while loop represents another passthrough, and we run it
until we know that our array is fully sorted.

The Efficiency of Bubble Sort
The Bubble Sort algorithm contains two kinds of steps:

• Comparisons: two numbers are compared with one another to determine
which is greater.

• Swaps: two numbers are swapped with one another in order to sort them.

Let’s start by determining how many comparisons take place in Bubble Sort.

Our example array has five elements. Looking back, you can see that in our
first passthrough, we had to make four comparisons between sets of two
numbers.
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In our second passthrough, we had to make only three comparisons. This is
because we didn’t have to compare the final two numbers, since we knew
that the final number was in the correct spot due to the first passthrough.

In our third passthrough, we made two comparisons, and in our fourth
passthrough, we made just one comparison.

So, that’s:

4 + 3 + 2 + 1 = 10 comparisons.

To put it more generally, we’d say that for N elements, we make

(N - 1) + (N - 2) + (N - 3) … + 1 comparisons.

Now that we’ve analyzed the number of comparisons that take place in Bubble
Sort, let’s analyze the swaps.

In a worst-case scenario, where the array is not just randomly shuffled, but
sorted in descending order (the exact opposite of what we want), we’d actually
need a swap for each comparison. So we’d have ten comparisons and ten
swaps in such a scenario for a grand total of twenty steps.

So let’s look at the complete picture. With an array containing ten elements
in reverse order, we’d have:

9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1 = 45 comparisons, and another forty-five
swaps. That’s a total of ninety steps.

With an array containing twenty elements, we’d have:

19 + 18 + 17 + 16 + 15 + 14 + 13 + 12 + 11 + 10 + 9 + 8 + 7 + 6 + 5 + 4 + 3
+ 2 + 1 = 190 comparisons, and approximately 190 swaps, for a total of 380
steps.

Notice the inefficiency here. As the number of elements increase, the
number of steps grows exponentially. We can see this clearly with the fol-
lowing table:

Max # of stepsN data elements

205

9010

38020

156040

632080
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If you look precisely at the growth of steps as N increases, you’ll see that it’s
growing by approximately N2.

N2# of Bubble Sort stepsN data elements

25205

1009010

40038020

1600156040

6400632080

Therefore, in Big O Notation, we would say that Bubble Sort has an efficiency
of O(N2).

Said more officially: in an O(N2) algorithm, for N data elements, there are
roughly N2 steps.

O(N2) is considered to be a relatively inefficient algorithm, since as the data
increases, the steps increase dramatically. Look at this graph:

Number of Elements
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mb
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f 
St
ep
s

O(n)

O(n2)

Note how O(N2) curves sharply upwards in terms of number of steps as the data
grows. Compare this with O(N), which plots along a simple, diagonal line.

One last note: O(N2) is also referred to as quadratic time.

A Quadratic Problem
Let’s say you’re writing a JavaScript application that requires you to check
whether an array contains any duplicate values.

One of the first approaches that may come to mind is the use of nested for
loops, as follows:
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function hasDuplicateValue(array) {
for(var i = 0; i < array.length; i++) {

for(var j = 0; j < array.length; j++) {
if(i !== j && array[i] == array[j]) {

return true;
}

}
}
return false;

}

In this function, we iterate through each element of the array using var i. As
we focus on each element in i, we then run a second for loop that checks
through all of the elements in the array—using var j—and checks if the elements
at positions i and j are the same. If they are, that means we’ve encountered
duplicates. If we get through all of the looping and we haven’t encountered
any duplicates, we can return false, indicating that there are no duplicates in
the given array.

While this certainly works, is it efficient? Now that we know a bit about Big
O Notation, let’s take a step back and see what Big O would say about this
function.

Remember that Big O is a measure of how many steps our algorithm would
take relative to how much data there is. To apply that to our situation, we’d
ask ourselves: for N elements in the array provided to our hasDuplicateValue
function, how many steps would our algorithm take in a worst-case scenario?

To answer the preceding question, we first need to determine what qualifies
as a step as well as what the worst-case scenario would be.

The preceding function has one type of step, namely comparisons. It repeat-
edly compares i and j to see if they are equal and therefore represent a dupli-
cate. In a worst-case scenario, the array contains no duplicates, which would
force our code to complete all of the loops and exhaust every possible compar-
ison before returning false.

Based on this, we can conclude that for N elements in the array, our
function would perform N2 comparisons. This is because we perform an
outer loop that must iterate N times to get through the entire array, and
for each iteration, we must iterate another N times with our inner loop.
That’s N steps * N steps, which is otherwise known as N2 steps, leaving us
with an algorithm of O(N2).

We can actually prove this by adding some code to our function that tracks
the number of steps:
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function hasDuplicateValue(array) {
var steps = 0;
for(var i = 0; i < array.length; i++) {

for(var j = 0; j < array.length; j++) {
steps++;
if(i !== j && array[i] == array[j]) {

return true;
}

}
}
console.log(steps);
return false;

}

If we run hasDuplicateValue([1,2,3]), we’ll see an output of 9 in the JavaScript
console, indicating that there were nine comparisons. Since there are nine
steps for an array of three elements, this is a classic example of O(N2).

Unsurprisingly, O(N2) is the efficiency of algorithms in which nested loops
are used. When you see a nested loop, O(N2) alarm bells should start going
off in your head.

While our implementation of the hasDuplicateValue function is the only algorithm
we’ve developed so far, the fact that it’s O(N2) should give us pause. This is
because O(N2) is considered a relatively slow algorithm. Whenever encountering
a slow algorithm, it’s worth spending some time to think about whether there
may be any faster alternatives. This is especially true if you anticipate that
your function may need to handle large amounts of data, and your application
may come to a screeching halt if not optimized properly. There may not be
any better alternatives, but let’s first make sure.

A Linear Solution
Below is another implementation of the hasDuplicateValue function that doesn’t
rely upon nested loops. Let’s analyze it and see if it’s any more efficient than
our first implementation.

function hasDuplicateValue(array) {
var existingNumbers = [];
for(var i = 0; i < array.length; i++) {

if(existingNumbers[array[i]] === undefined) {
existingNumbers[array[i]] = 1;

} else {
return true;

}
}
return false;

}
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This implementation uses a single loop, and keeps track of which numbers it
has already encountered using an array called existingNumbers. It uses this array
in an interesting way: every time the code encounters a new number, it stores
the value 1 inside the index of the existingNumbers corresponding to that number.

For example, if the given array is [3, 5, 8], by the time the loop is finished, the
existingNumbers array will look like this:

[undefined, undefined, undefined, 1, undefined, 1, undefined, undefined, 1]

The 1s are located in indexes 3, 5, and 8 to indicate that those numbers are
found in the given array.

However, before the code stores 1 in the appropriate index, it first checks to see
whether that index already has 1 as its value. If it does, that means we already
encountered that number before, meaning that we’ve found a duplicate.

To determine the efficiency of this new algorithm in terms of Big O, we once
again need to determine the number of steps the algorithm takes in a worst-
case scenario. Like our first implementation, the significant type of step that
our algorithm has is comparisons. That is, it looks up a particular index of
the existingNumbers array and compares it to undefined, as expressed in this code:

if(existingNumbers[array[i]] === undefined)

(In addition to the comparisons, we do also make insertions into the existingNum-
bers array, but we’re considering that trivial in this analysis. More on this in
the next chapter.)

Once again, the worst-case scenario is when the array contains no duplicates,
in which case our function must complete the entire loop.

This new algorithm appears to make N comparisons for N data elements. This
is because there’s only one loop, and it simply iterates for as many elements
as there are in the array. We can test out this theory by tracking the steps
in the JavaScript console:

function hasDuplicateValue(array) {
var steps = 0;
var existingNumbers = [];
for(var i = 0; i < array.length; i++) {

steps++;
if(existingNumbers[array[i]] === undefined) {

existingNumbers[array[i]] = 1;
} else {

return true;
}

}
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console.log(steps);
return false;

}

When running hasDuplicateValue([1,2,3]), we see that the output in the JavaScript
console is 3, which is the same number of elements in our array.

Using Big O Notation, we’d conclude that this new implementation is O(N).

We know that O(N) is much faster than O(N2), so by using this second
approach, we’ve optimized our hasDuplicateValue significantly. If our program
will handle lots of data, this will make a big difference. (There is actually one
disadvantage with this new implementation, but we won’t discuss it until the
final chapter.)

Wrapping Up
It’s clear that having a solid understanding of Big O Notation can allow us to
identify slow code and select the faster of two competing algorithms. However,
there are situations in which Big O Notation will have us believe that two
algorithms have the same speed, while one is actually faster. In the next
chapter, we’re going to learn how to evaluate the efficiencies of various algo-
rithms even when Big O isn’t nuanced enough to do so.
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CHAPTER 5

Optimizing Code with and Without Big O
We’ve seen that Big O is a great tool for contrasting algorithms and determin-
ing which algorithm should be used for a given situation. However, it’s cer-
tainly not the only tool. In fact, there are times where two competing algo-
rithms may be described in exactly the same way using Big O Notation, yet
one algorithm is significantly faster than the other.

In this chapter, we’re going to learn how to discern between two algorithms
that seem to have the same efficiency, and select the faster of the two.

Selection Sort
In the previous chapter, we explored an algorithm for sorting data known as
Bubble Sort, which had an efficiency of O(N2). We’re now going to dig into
another sorting algorithm called Selection Sort, and see how it measures up
to Bubble Sort.

The steps of Selection Sort are as follows:

1. We check each cell of the array from left to right to determine which value
is least. As we move from cell to cell, we keep in a variable the lowest
value we’ve encountered so far. (Really, we keep track of its index, but for
the purposes of the following diagrams, we’ll just focus on the actual
value.) If we encounter a cell that contains a value that is even less than
the one in our variable, we replace it so that the variable now points to
the new index. See the following diagram:
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2. Once we’ve determined which index contains the lowest
value, we swap that index with the value we began the
passthrough with. This would be index 0 in the first
passthrough, index 1 in the second passthrough, and
so on and so forth. In the next diagram, we make the
swap of the first passthrough:

3. Repeat steps 1 and 2 until all the data is sorted.

Selection Sort in Action
Using the example array [4, 2, 7, 1, 3], our steps would be as follows:

We begin our first passthrough:

We set things up by inspecting the value at index 0. By definition, it’s the
lowest value in the array that we’ve encountered so far (as it’s the only value
we’ve encountered so far), so we keep track of its index in a variable:

Step #1: We compare the 2 with the lowest value so far (which happens to be 4):

The 2 is even less than the 4, so it becomes the lowest value so far:

Step #2: We compare the next value—the 7—with the lowest value so far. The
7 is greater than the 2, so 2 remains our lowest value:
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Step #3: We compare the 1 with the lowest value so far:

Since the 1 is even less than the 2, the 1 becomes our new lowest value:

Step #4: We compare the 3 to the lowest value so far, which is the 1. We’ve
reached the end of the array, and we’ve determined that 1 is the lowest value
out of the entire array:

Step #5: Since 1 is the lowest value, we swap it with whatever value is at
index 0—the index we began this passthrough with:

We have now determined that the 1 is in its correct place within the array:

We are now ready to begin our second passthrough:

Setup: the first cell—index 0—is already sorted, so this passthrough begins
at the next cell, which is index 1. The value at index 1 is the number 2, and
it is the lowest value we’ve encountered in this passthrough so far:
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Step #6: We compare the 7 with the lowest value so far. The 2 is less than
the 7, so the 2 remains our lowest value:

Step #7: We compare the 4 with the lowest value so far. The 2 is less than
the 4, so the 2 remains our lowest value:

Step #8: We compare the 3 with the lowest value so far. The 2 is less than
the 3, so the 2 remains our lowest value:

We’ve reached the end of the array. We don’t need to perform any swaps in
this passthrough, and we can therefore conclude that the 2 is in its correct
spot. This ends our second passthrough, leaving us with:

We now begin Passthrough #3:

Setup: we begin at index 2, which contains the value 7. The 7 is the lowest
value we’ve encountered so far in this passthrough:

Step #9: We compare the 4 with the 7:
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We note that 4 is our new lowest value:

Step #10: We encounter the 3, which is even lower than the 4:

3 is now our new lowest value:

Step #11: We’ve reached the end of the array, so we swap the 3 with the value
that we started our passthrough at, which is the 7:

We now know that the 3 is in the correct place within the array:

While you and I can both see that the entire array is correctly sorted at this
point, the computer does not know this yet, so it must begin a fourth
passthrough:

Setup: we begin the passthrough with index 3. The 4 is the lowest value so far:

report erratum  •  discuss

Selection Sort in Action • 55

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


Step #12: We compare the 7 with the 4:

The 4 remains the lowest value we’ve encountered in this passthrough so far,
so we don’t need any swaps and we know it’s in the correct place.

Since all the cells besides the last one are correctly sorted, that must mean that
the last cell is also in the correct order, and our entire array is properly sorted:

Selection Sort Implemented
Here’s a JavaScript implementation of Selection Sort:

function selectionSort(array) {
for(var i = 0; i < array.length; i++) {

var lowestNumberIndex = i;
for(var j = i + 1; j < array.length; j++) {
if(array[j] < array[lowestNumberIndex]) {

lowestNumberIndex = j;
}

}

if(lowestNumberIndex != i) {
var temp = array[i];
array[i] = array[lowestNumberIndex];
array[lowestNumberIndex] = temp;

}
}
return array;

}

Let’s break this down. We’ll first present the line of code, followed by its
explanation.

for(var i = 0; i < array.length; i++) {

Here, we have an outer loop that represents each passthrough of Selection
Sort. We then begin keeping track of the index containing the lowest value
we encounter so far with:

var lowestNumberIndex = i;
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which sets lowestNumberIndex to be whatever index i represents. Note that we’re
actually tracking the index of the lowest number instead of the actual number
itself. This index will be 0 at the beginning of the first passthrough, 1 at the
beginning of the second, and so on.

for(var j = i + 1; j < array.length; j++) {

kicks off an inner for loop that starts at i + 1.

if(array[j] < array[lowestNumberIndex]) {
lowestNumberIndex = j;

}

checks each element of the array that has not yet been sorted and looks for
the lowest number. It does this by keeping track of the index of the lowest
number it found so far in the lowestNumberIndex variable.

By the end of the inner loop, we’ve determined the index of the lowest number
not yet sorted.

if(lowestNumberIndex != i) {
var temp = array[i];
array[i] = array[lowestNumberIndex];
array[lowestNumberIndex] = temp;

}

We then check to see if this lowest number is already in its correct place (i).
If not, we swap the lowest number with the number that’s in the position that
the lowest number should be at.

The Efficiency of Selection Sort
Selection Sort contains two types of steps: comparisons and swaps. That is,
we compare each element with the lowest number we’ve encountered in each
passthrough, and we swap the lowest number into its correct position.

Looking back at our example of an array containing five elements, we had to
make a total of ten comparisons. Let’s break it down.

# of comparisonsPassthrough #

4 comparisons1

3 comparisons2

2 comparisons3

1 comparison4

So that’s a grand total of 4 + 3 + 2 + 1 = 10 comparisons.
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To put it more generally, we’d say that for N elements, we make

(N - 1) + (N - 2) + (N - 3) … + 1 comparisons.

As for swaps, however, we only need to make a maximum of one swap per
passthrough. This is because in each passthrough, we make either one or
zero swaps, depending on whether the lowest number of that passthrough is
already in the correct position. Contrast this with Bubble Sort, where in a
worst-case scenario—an array in descending order—we have to make a swap
for each and every comparison.

Here’s the side-by-side comparison between Bubble Sort and Selection Sort:

Max # of steps in Selection SortMax # of steps in Bubble SortN elements

14 (10 comparisons + 4 swaps)205

54 (45 comparisons + 9 swaps)9010

199 (180 comparisons + 19 swaps)38020

819 (780 comparisons + 39 swaps)156040

3239 (3160 comparisons + 79 swaps)632080

From this comparison, it’s clear that Selection Sort contains about half the
number of steps that Bubble Sort does, indicating that Selection Sort is twice
as fast.

Ignoring Constants
But here’s the funny thing: in the world of Big O Notation, Selection Sort and
Bubble Sort are described in exactly the same way.

Again, Big O Notation describes how many steps are required relative to the
number of data elements. So it would seem at first glance that the number
of steps in Selection Sort are roughly half of whatever N2 is. It would therefore
seem reasonable that we’d describe the efficiency of Selection Sort as being
O(N2 / 2). That is, for N data elements, there are N2 / 2 steps. The following
table bears this out:

Max # of steps in Selection SortN2 / 2N elements

1452 / 2 = 12.55

54102 / 2 = 5010

199202 / 2 = 20020

819402 / 2 = 80040

3239802 / 2 = 320080
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In reality, however, Selection Sort is described in Big O as O(N2), just like
Bubble Sort. This is because of a major rule of Big O that we’re now introduc-
ing for the first time:

Big O Notation ignores constants.

This is simply a mathematical way of saying that Big O Notation never includes
regular numbers that aren’t an exponent.

In our case, what should technically be O(N2 / 2) becomes simply O(N2). Simi-
larly, O(2N) would become O(N), and O(N / 2) would also become O(N). Even
O(100N), which is 100 times slower than O(N), would also be referred to as O(N).

Offhand, it would seem that this rule would render Big O Notation entirely
useless, as you can have two algorithms that are described in the same exact
way with Big O, and yet one can be 100 times faster than the other. And that’s
exactly what we’re seeing here with Selection Sort and Bubble Sort. Both are
described in Big O as O(N2), but Selection Sort is actually twice as fast as
Bubble Sort. And indeed, if given the choice between these two options,
Selection Sort is the better choice.

So, what gives?

The Role of Big O
Despite the fact that Big O doesn’t distinguish between Bubble Sort and
Selection Sort, it is still very important, because it serves as a great way to
classify the long-term growth rate of algorithms. That is, for some amount of
data, O(N) will be always be faster than O(N2). And this is true no matter
whether the O(N) is really O(2N) or even O(100N) under the hood. It is a fact
that there is some amount of data at which even O(100N) will become faster
than O(N2). (We’ve seen essentially the same concept in Oh Yes! Big O Notation
when comparing a 100-step algorithm with O(N), but we’ll reiterate it here in
our current context.)

Look at the first graph on page 60, in which we compare O(N) with O(N2).

We’ve seen this graph in the previous chapter. It depicts how O(N) is faster
than O(N2) for all amounts of data.

Now take a look at the second graph on page 60, where we compare O(100N)
with O(N2).

In this second graph, we see that O(N2) is faster than O(100N) for certain
amounts of data, but after a point, even O(100N) becomes faster and remains
faster for all increasing amounts of data from that point onward.
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It is for this very reason that Big O ignores constants. The purpose of Big O
is that for different classifications, there will be a point at which one classifi-
cation supersedes the other in speed, and will remain faster forever. When
that point occurs exactly, however, is not the concern of Big O.

Because of this, there really is no such thing as O(100N)—it is simply written
as O(N).

Similarly, with large amounts of data, O(log N) will always be faster than O(N),
even if the given O(log N) algorithm is actually O(2 * log N) under the hood.

So Big O is an extremely useful tool, because if two algorithms fall under
different classifications of Big O, you’ll generally know which algorithm to use
since with large amounts of data, one algorithm is guaranteed to be faster
than the other at a certain point.
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However, the main takeaway of this chapter is that when two algorithms fall
under the same classification of Big O, it doesn’t necessarily mean that both
algorithms process at the same speed. After all, Bubble Sort is twice as slow
as Selection Sort even though both are O(N2). So while Big O is perfect for
contrasting algorithms that fall under different classifications of Big O, when
two algorithms fall under the same classification, further analysis is required
to determine which algorithm is faster.

A Practical Example
Let’s say you’re tasked with writing a Ruby application that takes an array
and creates a new array out of every other element from the original array. It
might be tempting to use the each_with_index method available to arrays to loop
through the original array as follows:

def every_other(array)
new_array = []

array.each_with_index do |element, index|
new_array << element if index.even?

end

return new_array
end

In this implementation, we iterate through each element of the original array
and only add the element to the new array if the index of that element is an
even number.

When analyzing the steps taking place here, we can see that there are really
two types of steps. We have one type of step in which we look up each element
of the array, and another type of step in which we add elements to the new
array.

We perform N array lookups, since we loop through each and every element
of the array. We only perform N / 2 insertions, though, since we only insert
every other element into the new array. Since we have N lookups, and we
have N / 2 insertions, we would say that our algorithm technically has an
efficiency of O(N + (N / 2)), which we can also rephrase as O(1.5N). But since
Big O Notation throws out the constants, we would say that our algorithm is
simply O(N).

While this algorithm does work, we always want to take a step back and see
if there’s room for any optimization. And in fact, we can.
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Instead of iterating through each element of the array and checking whether
the index is an even number, we can instead simply look up every other ele-
ment of the array in the first place:

def every_other(array)
new_array = []
index = 0

while index < array.length
new_array << array[index]
index += 2

end

return new_array
end

In this second implementation, we use a while loop to skip over each element,
rather than check each one. It turns out that for N elements, there are N / 2
lookups and N / 2 insertions into the new array. Like the first implementation,
we’d say that the algorithm is O(N).

However, our first implementation truly takes 1.5N steps, while our second
implementation only takes N steps, making our second implementation sig-
nificantly faster. While the first implementation is more idiomatic in the way
Ruby programmers write their code, if we’re dealing with large amounts of
data, it’s worth considering using the second implementation to get a signifi-
cant performance boost.

Wrapping Up
We now have some very powerful analysis tools at our disposal. We can use
Big O to determine broadly how efficient an algorithm is, and we can also
compare two algorithms that fall within one classification of Big O.

However, there is another important factor to take into account when compar-
ing the efficiencies of two algorithms. Until now, we’ve focused on how slow
an algorithm is in a worst-case scenario. Now, worst-case scenarios, by defi-
nition, don’t happen all the time. On average, the scenarios that occur
are—well—average-case scenarios. In the next chapter, we’ll learn how to
take all scenarios into account.
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CHAPTER 6

Optimizing for Optimistic Scenarios
When evaluating the efficiency of an algorithm, we’ve focused primarily on how
many steps the algorithm would take in a worst-case scenario. The rationale
behind this is simple: if you’re prepared for the worst, things will turn out okay.

However, we’ll discover in this chapter that the worst-case scenario isn’t the only
situation worth considering. Being able to consider all scenarios is an important
skill that can help you choose the appropriate algorithm for every situation.

Insertion Sort
We’ve previously encountered two different sorting algorithms: Bubble Sort and
Selection Sort. Both have efficiencies of O(N2), but Selection Sort is actually
twice as fast. Now we’ll learn about a third sorting algorithm called Insertion
Sort that will reveal the power of analyzing scenarios beyond the worst case.

Insertion Sort consists of the following steps:

1. In the first passthrough, we temporarily remove the value at index 1 (the
second cell) and store it in a temporary variable. This will leave a gap at
that index, since it contains no value:

In subsequent passthroughs, we remove the values at the subsequent
indexes.
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2. We then begin a shifting phase, where we take each value to the left of
the gap, and compare it to the value in the temporary variable:

If the value to the left of the gap is greater than the temporary variable,
we shift that value to the right:

As we shift values to the right, inherently, the gap moves leftwards. As
soon as we encounter a value that is lower than the temporarily removed
value, or we reach the left end of the array, this shifting phase is over.

3. We then insert the temporarily removed value into the current gap:

4. We repeat steps 1 through 3 until the array is fully sorted.

Insertion Sort in Action
Let’s apply Insertion Sort to the array: [4, 2, 7, 1, 3].

We begin the first passthrough by inspecting the value at index 1. This hap-
pens to contain the value 2:

Setup: we temporarily remove the 2, and keep it inside a variable called
temp_value. We represent this value by shifting it above the rest of the array:
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Step #1: We compare the 4 to the temp_value, which is 2:

Step #2: Since 4 is greater than 2, we shift the 4 to the right:

There’s nothing left to shift, as the gap is now at the left end of the array.

Step #3: We insert the temp_value back into the array, completing our first
passthrough:

We begin Passthrough #2:

Setup: in our second passthrough, we temporarily remove the value at index
2. We’ll store this in temp_value. In this case, the temp_value is 7:

Step #4: We compare the 4 to the temp_value:

4 is lower, so we won’t shift it. Since we reached a value that is less than the
temp_value, this shifting phase is over.
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Step #5: We insert the temp_value back into the gap, ending the second
passthrough:

Passthrough #3:

Setup: we temporarily remove the 1, and store it in temp_value:

Step #6: We compare the 7 to the temp_value:

Step #7: 7 is greater than 1, so we shift the 7 to the right:

Step #8: We compare the 4 to the temp_value:

Step #9: 4 is greater than 1, so we shift it as well:
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Step #10: We compare the 2 to the temp_value:

Step #11: The 2 is greater, so we shift it:

Step #12: The gap has reached the left end of the array, so we insert the
temp_value into the gap, concluding this passthrough:

Passthrough #4:

Setup: we temporarily remove the value from index 4, making it our temp_value.
This is the value 3:

Step #13: We compare the 7 to the temp_value:

Step #14: The 7 is greater, so we shift the 7 to the right:
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Step #15: We compare the 4 to the temp_value:

Step #16: The 4 is greater than the 3, so we shift the 4:

Step #17: We compare the 2 to the temp_value. 2 is less than 3, so our shifting
phase is complete:

Step #18: We insert the temp_value back into the gap:

Our array is now fully sorted:

Insertion Sort Implemented
Here is a Python implementation of Insertion Sort:

def insertion_sort(array):
for index in range(1, len(array)):

position = index
temp_value = array[index]

while position > 0 and array[position - 1] > temp_value:
array[position] = array[position - 1]
position = position - 1

array[position] = temp_value
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Let’s walk through this step by step. We’ll first present the line of code, fol-
lowed by its explanation.

for index in range(1, len(array)):

First, we start a loop beginning at index 1 that runs through the entire array.
The current index is kept in the variable index.

position = index
temp_value = array[index]

Next, we mark a position at whatever index currently is. We also assign the value
at that index to the variable temp_value.

while position > 0 and array[position - 1] > temp_value:
array[position] = array[position - 1]
position = position - 1

We then begin an inner while loop. We check whether the value to the left of
position is greater than the temp_value. If it is, we then use array[position] =
array[position - 1] to shift that left value one cell to the right, and then decrement
position by one. We then check whether the value to the left of the new position
is greater than temp_value, and keep repeating this process until we find a
value that is less than the temp_value.

array[position] = temp_value

Finally, we drop the temp_value into the gap within the array.

The Efficiency of Insertion Sort
There are four types of steps that occur in Insertion Sort: removals, compar-
isons, shifts, and insertions. To analyze the efficiency of Insertion Sort, we
need to tally up each of these steps.

First, let’s dig into comparisons. A comparison takes place each time we
compare a value to the left of the gap with the temp_value.

In a worst-case scenario, where the array is sorted in reverse order, we have
to compare every number to the left of temp_value with temp_value in each
passthrough. This is because each value to the left of temp_value will always
be greater than temp_value, so the passthrough will only end when the gap
reaches the left end of the array.

During the first passthrough, in which temp_value is the value at index 1, a
maximum of one comparison is made, since there is only one value to the left
of the temp_value. On the second passthrough, a maximum of two comparisons
are made, and so on and so forth. On the final passthrough, we need to compare
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the temp_value with every single value in the array besides temp_value itself. In
other words, if there are N elements in the array, a maximum of N - 1 compar-
isons are made in the final passthrough.

We can, therefore, formulate the total number of comparisons as:

1 + 2 + 3 + … + N - 1 comparisons.

In our example of an array containing five elements, that’s a maximum of:

1 + 2 + 3 + 4 = 10 comparisons.

For an array containing ten elements, there would be:

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = 45 comparisons.

(For an array containing twenty elements, there would be a total of 190
comparisons, and so on.)

When examining this pattern, it emerges that for an array containing N elements,
there are approximately N2 / 2 comparisons. (102 / 2 is 50, and 202 / 2 is 200.)

Let’s continue analyzing the other types of steps.

Shifts occur each time we move a value one cell to the right. When an array
is sorted in reverse order, there will be as many shifts as there are compar-
isons, since every comparison will force us to shift a value to the right.

Let’s add up comparisons and shifts for a worst-case scenario:

N2 / 2 comparisons

+ N2 / 2 shifts

_____________________________

N2 steps

Removing and inserting the temp_value from the array happen once per
passthrough. Since there are always N - 1 passthroughs, we can conclude
that there are N - 1 removals and N - 1 insertions.

So now we’ve got:

N2 comparisons & shifts combined

N - 1 removals

+ N - 1 insertions

_____________________________

N2 + 2N - 2 steps
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We’ve already learned one major rule of Big O—that Big O ignores constants.
With this rule in mind, we’d—at first glance—simplify this to O(N2 + N).

However, there is another major rule of Big O that we’ll reveal now:

Big O Notation only takes into account the highest order of N.

That is, if we have some algorithm that takes N4 + N3 + N2 + N steps, we only
consider N4 to be significant—and just call it O(N4). Why is this?

Look at the following table:

N4N3N2N

16842

625125255

10,0001,00010010

100,000,0001,000,00010,000100

1,000,000,000,0001,000,000,0001,000,0001,000

As N increases, N4 becomes so much more significant than any other order
of N. When N is 1,000, N4 is 1,000 times greater than N3. Because of this, we
only consider the greatest order of N.

In our example, then, O(N2 + N) simply becomes O(N2).

It emerges that in a worst-case scenario, Insertion Sort has the same time
complexity as Bubble Sort and Selection Sort. They’re all O(N2).

We noted in the previous chapter that although Bubble Sort and Selection
Sort are both O(N2), Selection Sort is faster since Selection Sort has N2 / 2
steps compared with Bubble Sort’s N2 steps. At first glance, then, we’d say
that Insertion Sort is as slow as Bubble Sort, since it too has N2 steps. (It’s
really N2 + 2N - 2 steps.)

If we’d stop the book here, you’d walk away thinking that Selection Sort is
the best choice out of the three, since it’s twice as fast as either Bubble Sort
or Insertion Sort. But it’s actually not that simple.

The Average Case
Indeed, in a worst-case scenario, Selection Sort is faster than Insertion
Sort. However, it is critical that we also take into account the average-case
scenario.

Why?
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By definition, the cases that occur most frequently are average scenarios. The
worst- and best-case scenarios happen only rarely. Let’s look at this simple
bell curve:
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Best- and worst-case scenarios happen relatively infrequently. In the real
world, however, average scenarios are what occur most of the time.

And this makes a lot of sense. Think of a randomly sorted array. What are
the odds that the values will occur in perfect ascending or descending order?
It’s much more likely that the values will be all over the place.

Let’s examine Insertion Sort in context of all scenarios.

We’ve looked at how Insertion Sort performs in a worst-case scenario—where
the array sorted in descending order. In the worst case, we pointed out that
in each passthrough, we compare and shift every value that we encounter.
(We calculated this to be a total of N2 comparisons and shifts.)

In the best-case scenario, where the data is already sorted in ascending order,
we end up making just one comparison per passthrough, and not a single
shift, since each value is already in its correct place.

Where data is randomly sorted, however, we’ll have passthroughs in which
we compare and shift all of the data, some of the data, or possibly none of
data. If you’ll look at our preceding walkthrough example, you’ll notice that
in Passthroughs #1 and #3, we compare and shift all the data we encounter.
In Passthrough #4, we compare and shift some of it, and in Passthrough #2,
we make just one comparison and shift no data at all.

While in the worst-case scenario, we compare and shift all the data, and in
the best-case scenario, we shift none of the data (and just make one compar-
ison per passthrough), for the average scenario, we can say that in the
aggregate, we probably compare and shift about half of the data.
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So if Insertion Sort takes N2 steps for the worst-case scenario, we’d say that
it takes about N2 / 2 steps for the average scenario. (In terms of Big O, how-
ever, both scenarios are O(N2).)

Let’s dive into some specific examples.

The array [1, 2, 3, 4] is already presorted, which is the best case. The worst
case for the same data would be [4, 3, 2, 1], and an example of an average case
might be [1, 3, 4, 2].

In the worst case, there are six comparisons and six shifts, for a total of
twelve steps. In the average case, there are four comparisons and two shifts,
for a total of six steps. In the best case, there are three comparisons and
zero shifts.

We can now see that the performance of Insertion Sort varies greatly based
on the scenario. In the worst-case scenario, Insertion Sort takes N2 steps. In
an average scenario, it takes N2 / 2 steps. And in the best-case scenario, it
takes about N steps.

This variance is because some passthroughs compare all the data to the left
of the temp_value, while other passthroughs end early, due to encountering a
value that is less than the temp_value.

You can see these three types of performance in this graph:
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Compare this with Selection Sort. Selection Sort takes N2 / 2 steps in all
cases, from worst to average to best-case scenarios. This is because Selection
Sort doesn’t have any mechanism for ending a passthrough early at any point.
Each passthrough compares every value to the right of the chosen index no
matter what.
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So which is better: Selection Sort or Insertion Sort? The answer is: well, it
depends. In an average case—where an array is randomly sorted—they perform
similarly. If you have reason to assume that you’ll be dealing with data that
is mostly sorted, Insertion Sort will be a better choice. If you have reason to
assume that you’ll be dealing with data that is mostly sorted in reverse order,
Selection Sort will be faster. If you have no idea what the data will be like,
that’s essentially an average case, and both will be equal.

A Practical Example
Let’s say that you are writing a JavaScript application, and somewhere in
your code you find that you need to get the intersection between two arrays.
The intersection is a list of all the values that occur in both of the arrays.
For example, if you have the arrays [3, 1, 4, 2] and [4, 5, 3, 6], the intersection
would be a third array, [3, 4], since both of those values are common to the
two arrays.

JavaScript does not come with such a function built in, so we’ll have to create
our own. Here’s one possible implementation:

function intersection(first_array, second_array){
var result = [];

for (var i = 0; i < first_array.length; i++) {
for (var j = 0; j < second_array.length; j++) {

if (first_array[i] == second_array[j]) {
result.push(first_array[i]);

}
}

}
return result;

}

Here, we are running a simple nested loop. In the outer loop, we iterate over
each value in the first array. As we point to each value in the first array, we
then run an inner loop that checks each value of the second array to see if it
can find a match with the value being pointed to in the first array.

There are two types of steps taking place in this algorithm: comparisons and
insertions. We compare every value of the two arrays against each other, and
we insert matching values into the array result. The insertions are negligible
beside the comparisons, since even in a scenario where the two arrays are
identical, we’ll only insert as many values as there are in one of the arrays.
The primary steps to analyze, then, are the comparisons.
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If the two arrays are of equal size, the number of comparisons performed are
N2. This is because for each element of the first array, we make a comparison
of that element to each element of the second array. Thus, if we’d have two
arrays each containing five elements, we’d end up making twenty-five com-
parisons. So this intersection algorithm has an efficiency of O(N2).

(If the arrays are different sizes—say N and M—we’d say that the efficiency
of this function is O(N * M). To simplify this example, however, let’s assume
that both arrays are of equal size.)

Is there any way we can improve this algorithm?

This is where it’s important to consider scenarios beyond the worst case. In
the current implementation of the intersection function, we make N2 comparisons
in every type of case, from where we have two arrays that do not contain a
single common value, to a case of two arrays that are completely identical.

The truth is that in a case where the two arrays have no common value, we
really have no choice but to check each and every value of both arrays to
determine that there are no intersecting values.

But where the two arrays share common elements, we really shouldn’t have
to check every element of the first array against every element of the second
array. Let’s see why.

Unnecessary
Step!

In this example, as soon as we find a common value (the 8), there’s really no
reason to complete the second loop. What are we checking for at this point?
We’ve already determined that the second array contains the same element
as the value we’re pointing to in the first array. We’re performing an unneces-
sary step.
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To fix this, we can add a single word to our implementation:

function intersection(first_array, second_array){
var result = [];

for (var i = 0; i < first_array.length; i++) {
for (var j = 0; j < second_array.length; j++) {

if (first_array[i] == second_array[j]) {
result.push(first_array[i]);
break;

}
}

}
return result;

}

With the addition of the break, we can cut the inner loop short, and save steps
(and therefore time).

Now, in a worst-case scenario, where the two elements do not contain a single
shared value, we have no choice but to perform N2 comparisons. In the best-
case scenario, where the two arrays are identical, we only have to perform N
comparisons. In an average case, where the two arrays are different but share
some values, the performance will be somewhere in between N and N2.

This is a significant optimization to our intersection function, since our first
implementation would make N2 comparisons in all cases.

Wrapping Up
Having the ability to discern between best-, average-, and worst-case scenarios
is a key skill in choosing the best algorithm for your needs, as well as taking
existing algorithms and optimizing them further to make them significantly
faster. Remember, while it’s good to be prepared for the worst case, average
cases are what happen most of the time.

In the next chapter, we’re going to learn about a new data structure that is
similar to the array, but has nuances that can allow it to be more performant
in certain circumstances. Just as you now have the ability to choose between
two competing algorithms for a given use case, you’ll also need the ability to
choose between two competing data structures, as one may have better per-
formance than the other.
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CHAPTER 7

Blazing Fast Lookup with Hash Tables
Imagine that you’re writing a program that allows customers to order food to
go from a fast-food restaurant, and you’re implementing a menu of foods with
their respective prices. You could, of course, use an array:

menu = [ ["french fries", 0.75], ["hamburger", 2.5],
["hot dog", 1.5], ["soda", 0.6] ]

This array contains several subarrays, and each subarray contains two ele-
ments. The first element is a string representing the food on the menu, and
the second element represents the price of that food.

As we learned in Why Algorithms Matter, if this array were unordered,
searching for the price of a given food would take O(N) steps since the com-
puter would have to perform a linear search. If it’s an ordered array, the
computer could do a binary search, which would take O(log N).

While O(log N) isn’t bad, we can do better. In fact, we can do much better. By
the end of this chapter, you’ll learn how to use a special data structure called
a hash table, which can be used to look up data in just O(1). By knowing how
hash tables work under the hood and the right places to use them, you can
leverage their tremendous lookup speeds in many situations.

Enter the Hash Table
Most programming languages include a data structure called a hash table,
and it has an amazing superpower: fast reading. Note that hash tables are
called by different names in various programming languages. Other names
include hashes, maps, hash maps, dictionaries, and associative arrays.

Here’s an example of the menu as implemented with a hash table using Ruby:

menu = { "french fries" => 0.75, "hamburger" => 2.5,
"hot dog" => 1.5, "soda" => 0.6 }

report erratum  •  discuss

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


A hash table is a list of paired values. The first item is known as the key, and
the second item is known as the value. In a hash table, the key and value
have some significant association with one another. In this example, the string
"french fries" is the key, and 0.75 is the value. They are paired together to indicate
that french fries cost 75 cents.

In Ruby, you can look up a key’s value using this syntax:

menu["french fries"]

This would return the value of 0.75.

Looking up a value in a hash table has an efficiency of O(1) on average, as it
takes just one step. Let’s see why.

Hashing with Hash Functions
Do you remember those secret codes you used as a kid to create and decipher
messages?

For example, here’s a simple way to map letters to numbers:

A = 1

B = 2

C = 3

D = 4

E = 5

and so on.

According to this code,

ACE converts to 135,

CAB converts to 312,

DAB converts to 412,

and

BAD converts to 214.

This process of taking characters and converting them to numbers is known
as hashing. And the code that is used to convert those letters into particular
numbers is called a hash function.

There are many other hash functions besides this one. Another example of a
hash function is to take each letter’s corresponding number and return the
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sum of all the numbers. If we did that, BAD would become the number 7 fol-
lowing a two-step process:

Step #1: First, BAD converts to 214.

Step #2: We then take each of these digits and get their sum:

2 + 1 + 4 = 7

Another example of a hash function is to return the product of all the letters’
corresponding numbers. This would convert the word BAD into the number
8:

Step #1: First, BAD converts to 214.

Step #2: We then take the product of these digits:

2 * 1 * 4 = 8

In our examples for the remainder of this chapter, we’re going to stick with
this last version of the hash function. Real-world hash functions are more
complex than this, but this “multiplication” hash function will keep our
examples clear and simple.

The truth is that a hash function needs to meet only one criterion to be valid:
a hash function must convert the same string to the same number every single
time it’s applied. If the hash function can return inconsistent results for a
given string, it’s not valid.

Examples of invalid hash functions include functions that use random
numbers or the current time as part of their calculation. With these functions,
BAD might convert to 12 one time, and 106 another time.

With our “multiplication” hash function, however, BAD will always convert to
8. That’s because B is always 2, A is always 1, and D is always 4. And 2 * 1 * 4
is always 8. There’s no way around this.

Note that with this hash function, DAB will also convert into 8 just as BAD
will. This will actually cause some issues that we’ll address later.

Armed with the concept of hash functions, we can now understand how a
hash table actually works.

Building a Thesaurus for Fun and Profit, but Mainly Profit
On nights and weekends, you’re single-handedly working on a stealth startup
that will take over the world. It’s…a thesaurus app. But this isn’t any old
thesaurus app—this is Quickasaurus. And you know that it will totally disrupt
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the billion-dollar thesaurus market. When a user looks up a word in Quick-
asaurus, it returns the word’s most popular synonym, instead of every possible
synonym as old-fashioned thesaurus apps do.

Since every word has an associated synonym, this is a great use case for a
hash table. After all, a hash table is a list of paired items. So let’s get started.

We can represent our thesaurus using a hash table:

thesaurus = {}

Under the hood, a hash table stores its data in a bunch of cells in a row,
similar to an array. Each cell has a corresponding number. For example:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Let’s add our first entry into the hash:

thesaurus["bad"] = "evil"

In code, our hash table now looks like this:

{"bad" => "evil"}

Let’s explore how the hash table stores this data.

First, the computer applies the hash function to the key. Again, we’ll be using
the “multiplication” hash function described previously for demonstration
purposes.

BAD = 2 * 1 * 4 = 8

Since our key ("bad") hashes into 8, the computer places the value ("evil") into
cell 8:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

“evil”

Now, let’s add another key/value pair:

thesaurus["cab"] = "taxi"

Again, the computer hashes the key:

CAB = 3 * 1 * 2 = 6
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Since the resulting value is 6, the computer stores the value ("taxi") inside cell 6.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

“evil”“taxi”

Let’s add one more key/value pair:

thesaurus["ace"] = "star"

ACE hashes into 15, since ACE = 1 * 3 * 5 = 15, so "star" gets placed into cell 15:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

“evil”“taxi” “star”

In code, our hash table currently looks like this:

{"bad" => "evil", "cab" => "taxi", "ace" => "star"}

Now that we’ve set up our hash table, let’s see what happens when we look
up values from it. Let’s say we want to look up the value associated with the
key of "bad". In our code, we’d say:

thesaurus["bad"]

The computer then executes two simple steps:

1. The computer hashes the key we’re looking up: BAD = 2 * 1 * 4 = 8.

2. Since the result is 8, the computer looks inside cell 8 and returns the
value that is stored there. In this case, that would be the string "evil".

It now becomes clear why looking up a value in a hash table is typically O(1):
it’s a process that takes a constant amount of time. The computer hashes
the key we’re looking up, gets the corresponding value, and jumps to the cell
with that value.

We can now understand why a hash table would yield faster lookups for our
restaurant menu than an array. With an array, were we to look up the price
of a menu item, we would have to search through each cell until we found it.
For an unordered array, this would take up to O(N), and for an ordered array,
this would take up to O(log N). Using a hash table, however, we can now use
the actual menu items as keys, allowing us to do a hash table lookup of O(1).
And that’s the beauty of a hash table.
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Dealing with Collisions
Of course, hash tables are not without their complications.

Continuing our thesaurus example: what happens if we want to add the fol-
lowing entry into our thesaurus?

thesaurus["dab"] = "pat"

First, the computer would hash the key:

DAB = 4 * 1 * 2 = 8

And then it would try to add "pat" to our hash table’s cell 8:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

“evil”“taxi” “star”

Uh oh. Cell 8 is already filled with "evil"—literally!

Trying to add data to a cell that is already filled is known as a collision. For-
tunately, there are ways around it.

One classic approach for handling collisions is known as separate chaining.
When a collision occurs, instead of placing a single value in the cell, it places
in it a reference to an array.

Let’s look more carefully at a subsection of our hash table’s underlying data
storage:

5 6 7 8 9

“evil”“taxi”

In our example, the computer wants to add "pat" to cell 8, but it already con-
tains "evil". So it replaces the contents of cell 8 with an array as shown on
page 83.

This array contains subarrays where the first value is the word, and the second
word is its synonym.
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7 8 9

“bad” “evil” “dab” “pat”

Let’s walk through how a hash table lookup works in this case. If we look up:

thesaurus["dab"]

the computer takes the following steps:

1. It hashes the key. DAB = 4 * 1 * 2 = 8.

2. It looks up cell 8. The computer takes note that cell 8 contains an array
of arrays rather than a single value.

3. It searches through the array linearly, looking at index 0 of each subarray
until it finds the word we’re looking up ("dab"). It then returns the value
at index 1 of the correct subarray.

Let’s walk through these steps visually.

We hash DAB into 8, so the computer inspects that cell:

7 8 9

“bad” “evil” “dab” “pat”
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Since cell 8 contains an array, we begin a linear search through each cell,
starting at the first one. It contains another array, and we inspect index 0:

7 8 9

“bad” “evil” “dab” “pat”

It does not contain the key we are looking for ("dab"), so we move on to the
next cell:

7 8 9

“bad” “evil” “dab” “pat”

We found "dab", which would indicate that the value at index 1 of that subarray
("pat") is the value we’re looking for.

In a scenario where the computer hits upon a cell that references an array,
its search can take some extra steps, as it needs to conduct a linear search
within an array of multiple values. If somehow all of our data ended up
within a single cell of our hash table, our hash table would be no better than
an array. So it actually turns out that the worst-case performance for a hash
table lookup is O(N).

Because of this, it is critical that a hash table be designed in a way that it
will have few collisions, and therefore typically perform lookups in O(1) time
rather than O(N) time.

Let’s see how hash tables are implemented in the real world to avoid frequent
collisions.
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The Great Balancing Act
Ultimately, a hash table’s efficiency depends on three factors:

• How much data we’re storing in the hash table
• How many cells are available in the hash table
• Which hash function we’re using

It makes sense why the first two factors are important. If you have a lot of
data to store in only a few cells, there will be many collisions and the hash
table will lose its efficiency. Let’s explore, however, why the hash function
itself is important for efficiency.

Let’s say that we’re using a hash function that always produces a value that
falls in the range between 1 and 9 inclusive. An example of this is a hash
function that converts letters into their corresponding numbers, and keeps
adding the resulting digits together until it ends up with a single digit.

For example:

PUT = 16 + 21 + 20 = 57

Since 57 contains more than one digit, the hash function breaks up the 57
into 5 + 7:

5 + 7 = 12

12 also contains more than one digit, so it breaks up the 12 into 1 + 2:

1 + 2 = 3

In the end, PUT hashes into 3. This hash function by its very nature will
always return a number 1 through 9.

Let’s return to our example hash table:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

With this hash function, the computer would never even use cells 10 through
16 even though they exist. All data would be stuffed into cells 1 through 9.

A good hash function, therefore, is one that distributes its data across all
available cells.

If we need a hash table to store just five values, how big should our hash
table be, and what type of hash function should we use?
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If a hash table had only five cells, we’d need a hash function that converts
keys into numbers 1 through 5. Even if we only planned on storing five pieces
of data, there’s a good chance that there will be a collision or two, since two
keys may be easily hashed to the same value.

However, if our hash table were to have one hundred cells, and our hash
function converts strings into numbers 1 through 100, when storing just five
values it would be much less likely to have any collisions since there are one
hundred possible cells that each of those strings might end up in.

Although a hash table with one hundred cells is great for avoiding collisions,
we’d be using up one hundred cells to store just five pieces of data, and that’s
a poor use of memory.

This is the balancing act that a hash table must perform. A good hash table
strikes a balance of avoiding collisions while not consuming lots of memory.

To accomplish this, computer scientists have developed the following rule of
thumb: for every seven data elements stored in a hash table, it should have
ten cells.

So, if you’re planning on storing fourteen elements, you’d want to have
twenty available cells, and so on and so forth.

This ratio of data to cells is called the load factor. Using this terminology, we’d
say that the ideal load factor is 0.7 (7 elements / 10 cells).

If you initially stored seven pieces of data in a hash, the computer might
allocate a hash with ten cells. When you begin to add more data, though, the
computer will expand the hash by adding more cells and changing the hash
function so that the new data will be distributed evenly across the new cells.

Luckily, most of the internals of a hash table are managed by the computer
language you’re using. It decides how big the hash table needs to be, what
hash function to use, and when it’s time to expand the hash table. But now
that you understand how hashes work, you can use them to replace arrays
in many cases to optimize your code’s performance and take advantage of
superior lookups that have an efficiency of O(1).

Practical Examples
Hash tables have many practical use cases, but here we’re going to focus on
using them to increase algorithm speed.

In Why Data Structures Matter, we learned about array-based sets—arrays that
ensure that no duplicate values exist. There we found that every time a new
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value is inserted into the set, we need to run a linear search (if the set is
unordered) to make sure that the value we’re inserting isn’t already in the set.

If we’re dealing with a large set in which we’re making lots of insertions, this
can get unwieldy very quickly, since every insertion runs at O(N), which isn’t
very fast.

In many cases, we can use a hash table to serve as a set.

When we use an array as a set, we simply place each piece of data in a cell
within the array. When we use a hash table as a set, however, each piece of
data is a key within the hash table, and the value can be anything, such as
a 1 or a Boolean value of true.

Let’s say we set up our hash table set in JavaScript as follows:

var set = {};

Let’s add a few values to the set:

set["apple"] = 1;
set["banana"] = 1;
set["cucumber"] = 1;

Every time we want to insert a new value, instead of a O(N) linear search, we
can simply add it in O(1) time. This is true even if we add a key that already
exists:

set["banana"] = 1;

When we attempt to add another "banana" to the set, we don’t need to check
whether "banana" already exists, since even if it does, we’re simply overwriting
the value for that key with the number 1.

The truth is that hash tables are perfect for any situation where we want to
keep track of which values exist within a dataset. In Speeding Up Your Code
with Big O, we discussed writing a JavaScript function that would tell us
whether any duplicate numbers occur within an array. The first solution we
provided was:

function hasDuplicateValue(array) {
for(var i = 0; i < array.length; i++) {

for(var j = 0; j < array.length; j++) {
if(i !== j && array[i] == array[j]) {

return true;
}

}
}
return false;

}

report erratum  •  discuss

Practical Examples • 87

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


We noted there that this code, which contains nested loops, runs at O(N2).

The second solution we suggested there runs at O(N), but only works if the
array exclusively contains positive integers. What if the array contains
something else, like strings?

With a hash table (which is called an object in JavaScript), we can achieve a
similar solution that would effectively handle strings:

function hasDuplicateValue(array) {
var existingValues = {};
for(var i = 0; i < array.length; i++) {

if(existingValues[array[i]] === undefined) {
existingValues[array[i]] = 1;

} else {
return true;

}
}
return false;

}

This approach also runs at O(N). Here existingValues is a hash table rather than
an array, so its keys can include strings as well as integers.

Let’s say we are building an electronic voting machine, in which voters can
choose from a list of candidates or write in another candidate. If the only
time we counted the final tally of votes was at the end of the election, we
could store the votes as a simple array, and insert each vote at the end as
it comes in:

var votes = [];

function addVote(candidate) {
votes.push(candidate);

}

We’d end up with a very long array that would look something like

["Thomas Jefferson", "John Adams", "John Adams", "Thomas Jefferson",
"John Adams", ...]

With this approach, each insertion would only take O(1).

But what about the final tally? Well, we could count the votes by running a
loop and keeping track of the results in a hash table:

function countVotes(votes) {
var tally = {};
for(var i = 0; i < votes.length; i++) {

if(tally[votes[i]]) {
tally[votes[i]]++;
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} else {
tally[votes[i]] = 1;

}
}

return tally;
}

However, since we’d have to count each vote at the end of the day, the countVotes
function would take O(N). This might take too long!

Instead, we may consider using the hash table to store the data in the first
place:

var votes = {};

function addVote(candidate) {
if(votes[candidate]) {

votes[candidate]++;
} else {

votes[candidate] = 1;
}

}

function countVotes() {
return votes;

}

With this technique, not only are insertions O(1), but our tally is as well, since
it’s already kept as the voting takes place.

Wrapping Up
Hash tables are indispensable when it comes to building efficient software.
With their O(1) reads and insertions, it’s a difficult data structure to beat.

Until now, our analysis of various data structures revolved around their effi-
ciency and speed. But did you know that some data structures provide
advantages other than speed? In the next lesson, we’re going to explore two
data structures that can help improve code elegance and maintainability.
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CHAPTER 8

Crafting Elegant Code
with Stacks and Queues

Until now, our discussion around data structures has focused primarily on
how they affect the performance of various operations. However, having a
variety of data structures in your programming arsenal allows you to create
code that is simpler and easier to read.

In this chapter, you’re going to discover two new data structures: stacks and
queues. The truth is that these two structures are not entirely new. They’re
simply arrays with restrictions. Yet, these restrictions are exactly what make
them so elegant.

More specifically, stacks and queues are elegant tools for handling temporary
data. From operating system architecture to printing jobs to traversing data,
stacks and queues serve as temporary containers that can be used to form
beautiful algorithms.

Think of temporary data like the food orders in a diner. What each customer
orders is important until the meal is made and delivered; then you throw the
order slip away. You don’t need to keep that information around. Temporary
data is information that doesn’t have any meaning after it’s processed, so you
don’t need to keep it around. However, the order in which you process the
data can be important—in the diner, you should ideally make each meal in
the order in which it was requested. Stacks and queues allow you to handle
data in order, and then get rid of it once you don’t need it anymore.
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Stacks
A stack stores data in the same way that arrays do—it’s simply a list of ele-
ments. The one catch is that stacks have the following three constraints:

• Data can only be inserted at the end of a stack.
• Data can only be read from the end of a stack.
• Data can only be removed from the end of a stack.

You can think of a stack as an actual stack of dishes: you can’t look at the
face of any dish other than the one at the top. Similarly, you can’t add any
dish except to the top of the stack, nor can you remove any dish besides the
one at the top. (At least, you shouldn’t.) In fact, most computer science liter-
ature refers to the end of the stack as its top, and the beginning of the stack
as its bottom.

While these restrictions seem—well—restrictive, we’ll see shortly how they
are to our benefit.

To see a stack in action, let’s start with an empty stack.

Inserting a new value into a stack is also called pushing onto the stack. Think
of it as adding a dish onto the top of the dish stack.

Let’s push a 5 onto the stack:

5

Again, there’s nothing fancy going on here. We’re just inserting data into the
end of an array.

Now, let’s push a 3 onto the stack:

5 3

Next, let’s push a 0 onto the stack:

5 3 0

Note that we’re always adding data to the top (that is, the end) of the stack.
If we wanted to insert the 0 into the bottom or middle of the stack, we couldn’t,
because that is the nature of a stack: data can only be added to the top.
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Removing elements from the top of the stack is called popping from the stack.
Because of a stack’s restrictions, we can only pop data from the top.

Let’s pop some elements from our example stack:

First we pop the 0:

5 3
0

Our stack now contains only two elements, the 5 and the 3.

Next, we pop the 3:

5
3

Our stack now only contains the 5:

5

A handy acronym used to describe stack operations is LIFO, which stands
for “Last In, First Out.” All this means is that the last item pushed onto a
stack is always the first item popped from it. It’s sort of like students who
slack off—they’re always the last to arrive to class, but the first to leave.

Stacks in Action
Although a stack is not typically used to store data on a long-term basis, it
can be a great tool to handle temporary data as part of various algorithms.
Here’s an example:

Let’s create the beginnings of a JavaScript linter—that is, a program that
inspects a programmer’s JavaScript code and ensures that each line is syntac-
tically correct. It can be very complicated to create a linter, as there are many
different aspects of syntax to inspect. We’ll focus on just one specific aspect of
the linter—opening and closing braces. This includes parentheses, square
brackets, and curly braces—all common causes of frustrating syntax errors.

To solve this problem, let’s first analyze what type of syntax is incorrect when
it comes to braces. If we break it down, we’ll find that there are three situations
of erroneous syntax:
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The first is when there is an opening brace that doesn’t have a corresponding
closing brace, such as this:

(var x = 2;

We’ll call this Syntax Error Type #1.

The second is when there is a closing brace that was never preceded by a
corresponding opening brace:

var x = 2;)

We’ll call that Syntax Error Type #2.

The third, which we’ll refer to as Syntax Error Type #3, is when a closing
brace is not the same type of brace as the immediately preceding opening
brace, such as:

(var x = [1, 2, 3)];

In the preceding example, there is a matching set of parentheses, and a
matching pair of square brackets, but the closing parenthesis is in the wrong
place, as it doesn’t match the immediately preceding opening brace, which
is a square bracket.

How can we implement an algorithm that inspects a line of code and ensures
that there are no syntax errors in this regard? This is where a stack allows
us to implement a beautiful linting algorithm, which works as follows:

We prepare an empty stack, and then we read each character from left to
right, following these rules:

1. If we find any character that isn’t a type of brace (parenthesis, square
bracket, or curly brace), we ignore it and move on.

2. If we find an opening brace, we push it onto the stack. Having it on the
stack means we’re waiting to close that particular brace.

3. If we find a closing brace, we inspect the top element in the stack. We
then analyze:

• If there are no elements in the stack, that means we’ve found a closing
brace without a corresponding opening brace beforehand. This is
Syntax Error Type #2.

• If there is data in the stack, but the closing brace is not a correspond-
ing match for the top element of the stack, that means we’ve encountered
Syntax Error Type #3.
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• If the closing character is a corresponding match for the element at
the top of the stack, that means we’ve successfully closed that opening
brace. We pop the top element from the stack, since we no longer need
to keep track of it.

4. If we make it to the end of the line and there’s still something left on the
stack, that means there’s an opening brace without a corresponding
closing brace, which is Syntax Error Type #1.

Let’s see this in action using the following example:

(var x = {y: [1, 2, 3]})

After we prepare an empty stack, we begin reading each character from left
to right:

Step #1: We begin with the first character, which happens to be an opening
parenthesis:

(var x = {y: [1, 2, 3]})

Step #2: Since it’s a type of opening brace, we push it onto the stack:

(

We then ignore all the characters var x = , since they aren’t brace characters.

Step #3: We encounter our next opening brace:

(var x = {y: [1, 2, 3]})

Step #4: We push it onto the stack:

( {

We then ignore the y:

Step #5: We encounter the opening square bracket:

(var x = {y: [1, 2, 3]})

Step #6: We add that to the stack as well:

( { [
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We then ignore the 1, 2, 3.

Step #7: We encounter our first closing brace—a closing square bracket:

(var x = {y: [1, 2, 3]})

Step #8: We inspect the element at the top of the stack, which happens to be
an opening square bracket. Since our closing square bracket is a corresponding
match to this final element of the stack, we pop the opening square bracket
from the stack:

( {
[

Step #9: We move on, encountering a closing curly brace:

(var x = {y: [1, 2, 3]})

Step #10: We read the last element in the stack. It’s an opening curly brace,
so we’ve found a match. We pop the opening curly brace from our stack:

(
{

Step #11: We encounter a closing parenthesis:

(var x = {y: [1, 2, 3]})

Step #12: We read the last element in the stack. It’s a corresponding match,
so we pop it from the stack, leaving us with an empty stack.

Since we’ve made it through the entire line of code, and our stack is empty,
our linter can conclude that there are no syntactical errors on this line (that
relate to opening and closing braces).

Here’s a Ruby implementation of the preceding algorithm. Note that Ruby
has push and pop methods built into arrays, and they are essentially shortcuts
for adding an element to the end of the array and removing an element from
the end of an array, respectively. By only using those two methods to add
and remove data from the array, we effectively use the array as a stack.

class Linter

attr_reader :error

def initialize
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# We use a simple array to serve as our stack:
@stack = []

end

def lint(text)
# We start a loop which reads each character in our text:
text.each_char.with_index do |char, index|

if opening_brace?(char)

# If the character is an opening brace, we push it onto the stack:
@stack.push(char)

elsif closing_brace?(char)

if closes_most_recent_opening_brace?(char)

# If the character closes the most recent opening brace,
# we pop the opening brace from our stack:
@stack.pop

else # if the character does NOT close the most recent opening brace

@error = "Incorrect closing brace: #{char} at index #{index}"
return

end
end

end

if @stack.any?

# If we get to the end of line, and the stack isn't empty, that means
# we have an opening brace without a corresponding closing brace:
@error = "#{@stack.last} does not have a closing brace"

end
end

private

def opening_brace?(char)
["(", "[", "{"].include?(char)

end

def closing_brace?(char)
[")", "]", "}"].include?(char)

end

def opening_brace_of(char)
{")" => "(", "]" => "[", "}" => "{"}[char]

end

def most_recent_opening_brace
@stack.last

end

def closes_most_recent_opening_brace?(char)
opening_brace_of(char) == most_recent_opening_brace

end
end
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If we use this class as follows:

linter = Linter.new
linter.lint("( var x = { y: [1, 2, 3] } )")
puts linter.error

We will not receive any errors since this line of JavaScript is correct. However,
if we accidentally swap the last two characters:

linter = Linter.new
linter.lint("( var x = { y: [1, 2, 3] ) }")
puts linter.error

We will then get the message:

Incorrect closing brace: ) at index 25

If we leave off the last closing parenthesis altogether:

linter = Linter.new
linter.lint("( var x = { y: [1, 2, 3] }")
puts linter.error

We’ll get this error message:

( does not have a closing brace

In this example, we use a stack to elegantly keep track of opening braces that
have not yet been closed. In the next chapter, we’ll use a stack to similarly
keep track of functions of code that need to be invoked, which is the key to
a critical concept known as recursion.

Stacks are ideal for processing any data that should be handled in reverse
order to how it was received (LIFO). The “undo” function in a word processor,
or function calls in a networked application, are examples of when you’d want
to use a stack.

Queues
A queue also deals with temporary data elegantly, and is like a stack in that
it is an array with restrictions. The difference lies in what order we want to
process our data, and this depends on the particular application we are
working on.

You can think of a queue as a line of people at the movie theater. The first
one on the line is the first one to leave the line and enter the theater. With
queues, the first item added to the queue is the first item to be removed.
That’s why computer scientists use the acronym “FIFO” when it comes to
queues: First In, First Out.
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Like stacks, queues are arrays with three restrictions (it’s just a different set
of restrictions):

• Data can only be inserted at the end of a queue. (This is identical behavior
as the stack.)

• Data can only be read from the front of a queue. (This is the opposite of
behavior of the stack.)

• Data can only be removed from the front of a queue. (This, too, is the
opposite behavior of the stack.)

Let’s see a queue in action, beginning with an empty queue.

First, we insert a 5: (While inserting into a stack is called pushing, inserting
into a queue doesn’t have a standardized name. Various references call it
putting, adding, or enqueuing.)

5
Next, we insert a 9:

5 9
Next, we insert a 100:

5 9 100
As of now, the queue has functioned just like a stack. However, removing
data happens in the reverse, as we remove data from the front of the queue.

If we want to remove data, we must start with the 5, since it’s at the front of
the queue:

5
9 100

Next, we remove the 9:

9
100

Our queue now only contains one element, the 100.
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Queues in Action
Queues are common in many applications, ranging from printing jobs to
background workers in web applications.

Let’s say you were programming a simple Ruby interface for a printer that
can accept printing jobs from various computers across a network. By utilizing
the Ruby array’s push method, which adds data to the end of the array, and
the shift method, which removes data from the beginning of the array, you
may create a class like this:

class PrintManager

def initialize
@queue = []

end

def queue_print_job(document)
@queue.push(document)

end

def run
while @queue.any?
# the Ruby shift method removes and returns the
# first element of an array:
print(@queue.shift)

end
end

private

def print(document)
# Code to run the actual printer goes here.
# For demo purposes, we'll print to the terminal:
puts document

end

end

We can then utilize this class as follows:

print_manager = PrintManager.new
print_manager.queue_print_job("First Document")
print_manager.queue_print_job("Second Document")
print_manager.queue_print_job("Third Document")
print_manager.run

The printer will then print the three documents in the same order in which
they were received:

First Document
Second Document
Third Document
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While this example is simplified and abstracts away some of the nitty-gritty
details that a real live printing system may have to deal with, the fundamental
use of a queue for such an application is very real and serves as the foundation
for building such a system.

Queues are also the perfect tool for handling asynchronous requests—they
ensure that the requests are processed in the order in which they were
received. They are also commonly used to model real-world scenarios where
events need to occur in a certain order, such as airplanes waiting for takeoff
and patients waiting for their doctor.

Wrapping Up
As you’ve seen, stacks and queues are programmers’ tools for elegantly han-
dling all sorts of practical algorithms.

Now that we’ve learned about stacks and queues, we’ve unlocked a new
achievement: we can learn about recursion, which depends upon a stack.
Recursion also serves as the foundation for many of the more advanced and
super efficient algorithms that we will cover in the rest of this book.
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CHAPTER 9

Recursively Recurse with Recursion
You’ll need to understand the key concept of recursion in order to understand
most of the remaining algorithms in this book. Recursion allows for solving
tricky problems in surprisingly simple ways, often allowing us to write a
fraction of the code that we might otherwise write.

But first, a pop quiz!

What happens when the blah() function defined below is invoked?

function blah() {
blah();

}

As you probably guessed, it will call itself infinitely, since blah() calls itself,
which in turn calls itself, and so on.

Recursion is the official name for when a function calls itself. While infinite
function calls are generally useless—and even dangerous—recursion is a
powerful tool that can be harnessed. And when we harness the power of
recursion, we can solve particularly tricky problems, as you’ll now see.

Recurse Instead of Loop
Let’s say you work at NASA and need to program a countdown function for
launching spacecraft. The particular function that you’re asked to write should
accept a number—such as 10—and display the numbers from 10 down to 0.
Take a moment and implement this function in the language of your choice.
When you’re done, read on.

Odds are that you wrote a simple loop, along the lines of this JavaScript
implementation:

function countdown(number) {
for(var i = number; i >= 0; i--) {
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console.log(i);
}

}
countdown(10);

There’s nothing wrong with this implementation, but it may have never
occurred to you that you don’t have to use a loop.

How?

Let’s try recursion instead. Here’s a first attempt at using recursion to
implement our countdown function:

function countdown(number) {
console.log(number);
countdown(number - 1);

}
countdown(10);

Let’s walk through this code step by step.

Step #1: We call countdown(10), so the argument number holds a 10.

Step #2: We print number (which contains the value 10) to the console.

Step #3: Before the countdown function is complete, it calls countdown(9) (since
number - 1 is 9).

Step #4: countdown(9) begins running. In it, we print number (which is currently
9) to the console.

Step #5: Before countdown(9) is complete, it calls countdown(8).

Step #6: countdown(8) begins running. We print 8 to the console.

Before we continue stepping through the code, note how we’re using recursion
to achieve our goal. We’re not using any loop constructs, but by simply having
the countdown function call itself, we are able to count down from 10 and print
each number to the console.

In almost any case in which you can use a loop, you can also use recursion.
Now, just because you can use recursion doesn’t mean that you should use
recursion. Recursion is a tool that allows for writing elegant code. In the
preceding example, the recursive approach is not necessarily any more
beautiful or efficient than using a classic for loop. However, we will soon
encounter examples in which recursion shines. In the meantime, let’s continue
exploring how recursion works.
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The Base Case
Let’s continue our walkthrough of the countdown function. We’ll skip a few steps
for brevity…

Step #21: We call countdown(0).

Step #22: We print number (i.e., 0) to the console.

Step #23: We call countdown(-1).

Step #24: We print number (i.e., -1) to the console.

Uh oh. As you can see, our solution is not perfect, as we’ll end up stuck with
infinitely printing negative numbers.

To perfect our solution, we need a way to end our countdown at 0 and prevent
the recursion from continuing on forever.

We can solve this problem by adding a conditional statement that ensures
that if number is currently 0, we don’t call countdown() again:

function countdown(number) {
console.log(number);
if(number === 0) {

return;
} else {

countdown(number - 1);
}

}
countdown(10);

Now, when number is 0, our code will not call the countdown() function again,
but instead just return, thereby preventing another call of countdown().

In Recursion Land (a real place), this case in which the method will not recurse
is known as the base case. So in our countdown() function, 0 is the base case.

Reading Recursive Code
It takes time and practice to get used to recursion, and you will ultimately
learn two sets of skills: reading recursive code, and writing recursive code.
Reading recursive code is somewhat easier, so let’s first get some practice
with that.

Let’s look at another example: calculating factorials.
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A factorial is best illustrated with an example:

The factorial of 3 is:

3 * 2 * 1 = 6

The factorial of 5 is:

5 * 4 * 3 * 2 * 1 = 120

And so on and so forth. Here’s a recursive implementation that returns a
number’s factorial using Ruby:

def factorial(number)
if number == 1

return 1
else

return number * factorial(number - 1)
end

end

This code can look somewhat confusing at first glance, but here’s the process
you need to know for reading recursive code:

1. Identify what the base case is.

2. Walk through the function assuming it’s dealing with the base case.

3. Then, walk through the function assuming it’s dealing with the case
immediately before the base case.

4. Progress through your analysis by moving up the cases one at a time.

Let’s apply this process to the preceding code. If we analyze the code, we’ll
quickly notice that there are two paths:

if number == 1
return 1

else
return number * factorial(number - 1)

end

We can see that the recursion happens here, as factorial calls itself:

else
return number * factorial(number - 1)

end

So it must be that the following code refers to the base case, since this is the
case in which the function does not call itself:

if number == 1
return 1
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We can conclude, then, that number being 1 is the base case.

Next, let’s walk through the factorial method assuming it’s dealing with the
base case, which would be factorial(1). The relevant code from our method is:

if number == 1
return 1

Well, that’s pretty simple—it’s the base case, so no recursion actually happens.
If we call factorial(1), the method simply returns 1. Okay, so grab a napkin and
write this fact down:

factorial (1) returns 1

Next, let’s move up to the next case, which would be factorial(2). The relevant
line of code from our method is:

else
return number * factorial(number - 1)

end

So, calling factorial(2) will return 2 * factorial(1). To calculate 2 * factorial(1), we need
to know what factorial(1) returns. If you check your napkin, you’ll see that it
returns 1. So 2 * factorial(1) will return 2 * 1, which just happens to be 2.

Add this fact to your napkin:

factorial (2) returns 2

factorial (1) returns 1

Now, what happens if we call factorial(3)? Again, the relevant line of code is:

else
return number * factorial(number - 1)

end

So that would translate into return 3 * factorial(2). What does factorial(2) return?
You don’t have to figure that out all over again, since it’s on your napkin! It
returns 2. So factorial(3) will return 6 (3 * 2 = 6). Go ahead and add this won-
derful factoid to your napkin:

factorial (2) returns 2

factorial (1) returns 1

factorial (3) returns 6
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Take a moment and figure out for yourself what factorial(4) will return.

As you can see, starting the analysis from the base case and building up is
a great way to reason about recursive code.

In fact, following this process is not just a good way for humans to conceptu-
alize recursion. Your computer uses a similar approach. Let’s see how.

Recursion in the Eyes of the Computer
If you think about our factorial method, you’ll realize when we call factorial(3),
the following happens:

The computer calls factorial(3), and before the method is complete, it calls facto-
rial(2), and before factorial(2) is complete, it calls factorial(1). Technically, while the
computer runs factorial(1), it’s still in the middle of factorial(2), which in turn is
running within factorial(3).

The computer uses a stack to keep track of which functions it’s in the middle
of calling. This stack is known, appropriately enough, as the call stack.

Let’s watch the call stack in action using the factorial example.

The computer begins by calling factorial(3). Before the method completes
executing, however, factorial(2) gets called. In order to track that the computer
is still in the middle of factorial(3), the computer pushes that info onto a call
stack:

factorial (3)

The computer then proceeds to execute factorial(2). Now, factorial(2), in turn, calls
factorial(1). Before the computer dives into factorial(1), though, the computer
needs to remember that it’s still in the middle of factorial(2), so it pushes that
onto the call stack as well:

factorial (3) factorial (2)

The computer then executes factorial(1). Since 1 is the base case, factorial(1)
completes without the factorial method again.

Even after the computer completes factorial(1), it knows that it’s not finished
with everything it needs to do since there’s data in the call stack, which
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indicates that it is still in the middle of running other methods that it needs
to complete. As you will recall, stacks are restricted in that we can only
inspect the top (in other words, the final) element. So the next thing the
computer does is peek at the top element of the call stack, which currently
is factorial(2).

Since factorial(2) is the last item in the call stack, that means that factorial(2) is
the most recently called method and therefore the immediate method that
needs to be completed.

The computer then pops factorial(2) from the call stack

factorial (3)

factorial (2)

and completes running factorial(2).

Then the computer looks at the call stack to see which method it needs to
complete next, and since the call stack is currently

factorial (3)

it pops factorial(3) from the stack and completes it.

At this point, the stack is empty, so the computer knows it’s done executing
all of the methods, and the recursion is complete.

Looking back at this example from a bird’s-eye view, you’ll see that the order
in which the computer calculates the factorial of 3 is as follows:

1. factorial(3) is called first.

2. factorial(2) is called second.

3. factorial(1) is called third.

4. factorial(1) is completed first.

5. factorial(2) is completed based on the result of factorial(1).

6. Finally, factorial(3) is completed based on the result of factorial(2).

Interestingly, in the case of infinite recursion (such as the very first example
in our chapter), the program keeps on pushing the same method over and
over again onto the call stack, until there’s no more room in the computer’s
memory—and this causes an error known as stack overflow.
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Recursion in Action
While previous examples of the NASA countdown and calculating factorials
can be solved with recursion, they can also be easily solved with classical
loops. While recursion is interesting, it doesn’t really provide an advantage
when solving these problems.

However, recursion is a natural fit in any situation where you find yourself
having to repeat an algorithm within the same algorithm. In these cases,
recursion can make for more readable code, as you’re about to see.

Take the example of traversing through a filesystem. Let’s say that you have
a script that does something with every file inside of a directory. However,
you don’t want the script to only deal with the files inside the one directo-
ry—you want it to act on all the files within the subdirectories of the directory,
and the subdirectories of the subdirectories, and so on.

Let’s create a simple Ruby script that prints out the names of all subdirectories
within a given directory.

def find_directories(directory)
Dir.foreach(directory) do |filename|

if File.directory?("#{directory}/#{filename}") &&
filename != "." && filename != ".."
puts "#{directory}/#{filename}"

end
end

end

# Call the find_directories method on the current directory:
find_directories(".")

In this script, we look through each file within the given directory. If the file is
itself a subdirectory (and isn’t a single or double period, which represent the
current and previous directories, respectively), we print the subdirectory name.

While this works well, it only prints the names of the subdirectories immedi-
ately within the current directory. It does not print the names of the subdirec-
tories within those subdirectories.

Let’s update our script so that it can search one level deeper:

def find_directories(directory)
# Loop through outer directory:
Dir.foreach(directory) do |filename|

if File.directory?("#{directory}/#{filename}") &&
filename != "." && filename != ".."
puts "#{directory}/#{filename}"

Chapter 9. Recursively Recurse with Recursion • 110

report erratum  •  discuss

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


# Loop through inner subdirectory:
Dir.foreach("#{directory}/#{filename}") do |inner_filename|

if File.directory?("#{directory}/#{filename}/#{inner_filename}") &&
inner_filename != "." && inner_filename != ".."

puts "#{directory}/#{filename}/#{inner_filename}"
end

end

end
end

end

# Call the find_directories method on the current directory:
find_directories(".")

Now, every time our script discovers a directory, it then conducts an identical
loop through the subdirectories of that directory and prints out the names of
the subdirectories. But this script also has its limitations, because it’s only
searching two levels deep. What if we wanted to search three, four, or five
levels deep? What if we wanted to search as deep as our subdirectories go?
That would seem to be impossible.

And this is the beauty of recursion. With recursion, we can write a script that
goes arbitrarily deep—and is also simple!

def find_directories(directory)
Dir.foreach(directory) do |filename|

if File.directory?("#{directory}/#{filename}") &&
filename != "." && filename != ".."
puts "#{directory}/#{filename}"
find_directories("#{directory}/#{filename}")

end
end

end

# Call the find_directories method on the current directory:
find_directories(".")

As this script encounters files that are themselves subdirectories, it calls the
find_directories method upon that very subdirectory. The script can therefore dig
as deep as it needs to, leaving no subdirectory unturned.

To visually see how this algorithm applies to an example filesystem, examine
the diagram on page 112, which specifies the order in which the script traverses
the subdirectories.

Note that recursion in a vacuum does not necessarily speed up an algorithm’s
efficiency in terms of Big O. However, we will see in the following chapter that
recursion can be a core component of algorithms that does affect their speed.

report erratum  •  discuss

Recursion in Action • 111

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


root
directory

Amy Bob Carole

Fun Work Work WorkPics Apps

Games ProductivityKids

1

2

3 4

5 9

6 8 10 13

11 127

Wrapping Up
As you’ve seen in the filesystem example, recursion is often a great choice for
an algorithm in which the algorithm itself doesn’t know on the outset how
many levels deep into something it needs to dig.

Now that you understand recursion, you’ve also unlocked a superpower.
You’re about to encounter some really efficient—yet advanced—algorithms,
and many of them rely on the principles of recursion.
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CHAPTER 10

Recursive Algorithms for Speed
We’ve seen that understanding recursion unlocks all sorts of new algorithms,
such as searching through a filesystem. In this chapter, we’re going to learn
that recursion is also the key to algorithms that can make our code run much,
much faster.

In previous chapters, we’ve encountered a number of sorting algorithms,
including Bubble Sort, Selection Sort, and Insertion Sort. In real life, however,
none of these methods are actually used to sort arrays. Most computer lan-
guages have built-in sorting functions for arrays that save us the time and
effort from implementing our own. And in many of these languages, the
sorting algorithm that is employed under the hood is Quicksort.

The reason we’re going to dig into Quicksort even though it’s built in to many
computer languages is because by studying how it works, we can learn how
to use recursion to greatly speed up an algorithm, and we can do the same
for other practical algorithms of the real world.

Quicksort is an extremely fast sorting algorithm that is particularly efficient
for average scenarios. While in worst-case scenarios (that is, inversely sorted
arrays), it performs similarly to Insertion Sort and Selection Sort, it is much
faster for average scenarios—which are what occur most of the time.

Quicksort relies on a concept called partitioning, so we’ll jump into that first.

Partitioning
To partition an array is to take a random value from the array—which is then
called the pivot—and make sure that every number that is less than the pivot
ends up to the left of the pivot, and that every number that is greater than
the pivot ends up to the right of the pivot. We accomplish partitioning through
a simple algorithm that will be described in the following example.
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Let’s say we have the following array:

0 5 2 1 6 3
For consistency’s sake, we’ll always select the right-most value to be our
pivot (although we can technically choose other values). In this case, the
number 3 is our pivot. We indicate this by circling it:

0 5 2 1 6 3
We then assign “pointers”—one to the left-most value of the array, and one
to the right-most value of the array, excluding the pivot itself:

0 5 2 1 6 3
left pointer right pointer

We’re now ready to begin the actual partition, which follows these steps:

1. The left pointer continuously moves one cell to the right until it reaches
a value that is greater than or equal to the pivot, and then stops.

2. Then, the right pointer continuously moves one cell to the left until it
reaches a value that is less than or equal to the pivot, and then stops.

3. We swap the values that the left and right pointers are pointing to.

4. We continue this process until the pointers are pointing to the very same
value or the left pointer has moved to the right of the right pointer.

5. Finally, we swap the pivot with the value that the left pointer is currently
pointing to.

When we’re done with a partition, we are now assured that all values to the
left of the pivot are less than the pivot, and all values to the right of the pivot
are greater than it. And that means that the pivot itself is now in its correct
place within the array, although the other values are not yet necessarily
completely sorted.

Let’s apply this to our example:
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Step #1: Compare the left pointer (now pointing to 0) to our pivot (the value 3):

0 5 2 1 6 3
left pointer right pointer

Since 0 is less than the pivot, the left pointer moves on in the next step.

Step #2: The left pointer moves on:

0 5 2 1 6 3
We compare the left pointer (the 5) to our pivot. Is the 5 lower than the pivot?
It’s not, so the left pointer stops, and we begin to activate the right pointer in
our next step.

Step #3: Compare the right pointer (6) to our pivot. Is the value greater than
the pivot? It is, so our pointer will move on in the next step.

Step #4: The right pointer moves on:

0 5 2 1 6 3
We compare the right pointer (1) to our pivot. Is the value greater than the
pivot? It’s not, so our right pointer stops.

Step #5: Since both pointers have stopped, we swap the values of the two
pointers:

6 35 2 10

0 521 6 3
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We then activate our left pointer again in the next step.

Step #6: The left pointer moves on:

0 521 6 3
We compare the left pointer (2) to our pivot. Is the value less than the pivot?
It is, so the left pointer moves on.

Step #7: The left pointer moves on to the next cell. Note that at this point,
both the left and right pointers are pointing to the same value:

0 521 6 3
We compare the left pointer to our pivot. Since our left pointer is pointing to
a value that is greater than our pivot, it stops. At this point, since our left
pointer has reached our right pointer, we are done with moving pointers.

Step #8: For our final step of the partition, we swap the value that the left
pointer is pointing to with the pivot:

0 21 3
5 6

Although our array isn’t completely sorted, we have successfully completed
a partition. That is, since our pivot was the number 3, all numbers that are
less than 3 are to its left, while all numbers greater than 3 are to its right.
This also means that the 3 is now in its correct place within the array:

0 1 2 3 6 5
Below, we’ve implemented a SortableArray class in Ruby that includes a partition!
method that partitions the array as we’ve described.
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class SortableArray

attr_reader :array

def initialize(array)
@array = array

end

def partition!(left_pointer, right_pointer)

# We always choose the right-most element as the pivot
pivot_position = right_pointer
pivot = @array[pivot_position]

# We start the right pointer immediately to the left of the pivot
right_pointer -= 1

while true do

while @array[left_pointer] < pivot do
left_pointer += 1

end

while @array[right_pointer] > pivot do
right_pointer -= 1

end

if left_pointer >= right_pointer
break

else
swap(left_pointer, right_pointer)

end

end

# As a final step, we swap the left pointer with the pivot itself
swap(left_pointer, pivot_position)

# We return the left_pointer for the sake of the quicksort method
# which will appear later in this chapter
return left_pointer

end

def swap(pointer_1, pointer_2)
temp_value = @array[pointer_1]
@array[pointer_1] = @array[pointer_2]
@array[pointer_2] = temp_value

end

end

Note that the partition! method accepts the starting points of the left and right
pointers as parameters, and returns the end position of the left pointer once
it’s complete. This is all necessary to implement Quicksort, as we’ll see next.
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Quicksort
The Quicksort algorithm relies heavily on partitions. It works as follows:

1. Partition the array. The pivot is now in its proper place.

2. Treat the subarrays to the left and right of the pivot as their own arrays,
and recursively repeat steps #1 and #2. That means that we’ll partition
each subarray, and end up with even smaller subarrays to the left and
right of each subarray’s pivot. We then partition those subarrays, and so
on and so forth.

3. When we have a subarray that has zero or one elements, that is our base
case and we do nothing.

Below is a quicksort! method that we can add to the preceding SortableArray class
that would successfully complete Quicksort:

def quicksort!(left_index, right_index)
#base case: the subarray has 0 or 1 elements
if right_index - left_index <= 0

return
end

# Partition the array and grab the position of the pivot
pivot_position = partition!(left_index, right_index)

# Recursively call this quicksort method on whatever is to the left of the pivot:
quicksort!(left_index, pivot_position - 1)

# Recursively call this quicksort method on whatever is to the right of the pivot:
quicksort!(pivot_position + 1, right_index)

end

To see this in action, we’d run the following code:

array = [0, 5, 2, 1, 6, 3]
sortable_array = SortableArray.new(array)
sortable_array.quicksort!(0, array.length - 1)
p sortable_array.array

Let’s return to our example. We began with the array of [0, 5, 2, 1, 6, 3] and ran
a single partition on the entire array. Since Quicksort begins with such a
partition, that means that we’re already partly through the Quicksort process.
We left off with:

0 1 2 3 6 5
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As you can see, the value 3 was the pivot. Now that the pivot is in the correct
place, we need to sort whatever is to the left and right of the pivot. Note that
in our example, it just so happens that the numbers to the left of the pivot
are already sorted, but the computer doesn’t know that yet.

The next step after the partition is to treat everything to the left of the pivot
as its own array and partition it.

We’ll obscure the rest of the array for now, as we’re not focusing on it at the
moment:

0 1 2 3 6 5
Now, of this [0, 1, 2] subarray, we’ll make the right-most element the pivot. So
that would be the number 2:

0 1 2 3 6 5
We’ll establish our left and right pointers:

0 1 2 3 6 5
And now we’re ready to partition this subarray. Let’s continue from after Step
#8, where we left off previously.

Step #9: We compare the left pointer (0) to the pivot (2). Since the 0 is less
than the pivot, we continue moving the left pointer.

Step #10: We move the left pointer one cell to the right, and it now happens
to be pointing to the same value that the right pointer is pointing to:

0 1 2 3 6 5
We compare the left pointer to the pivot. Since the value 1 is less than the
pivot, we move on.
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Step #11: We move the left pointer one cell to the right, which just happens
to be the pivot:

0 1 2 3 6 5
(right pointer) (left pointer)

At this point, the left pointer is pointing to a value that is equal to the pivot
(since it is the pivot!), and so the left pointer stops.

Step #12: Now, we activate the right pointer. However, since the right pointer’s
value (1) is less than the pivot, it stays still.

Since our left pointer has passed our right pointer, we’re done moving pointers
altogether in this partition.

Step #13: As a final step, we swap the pivot with the left pointer’s value. Now,
it just so happens that the left pointer is pointing to the pivot itself, so we
swap the pivot with itself, which results in no change at all. At this point, the
partition is complete and the pivot (2) is now in its correct spot:

0 1 2 3 6 5
We now have a subarray of [0, 1] to the left of the pivot (the 2) and no subarray
to its right. The next step is to recursively partition the subarray to the pivot’s
left, which again is [0, 1]. We don’t have to deal with any subarray to the right
of the pivot since no such subarray exists.

Since all we’ll focus on in the next step is the subarray [0, 1], we’ll block out
the rest of the array so it looks like this:

0 1 2 3 6 5
To partition the subarray [0, 1], we’ll make the right-most element (the 1) the
pivot. Where will we put the left and right pointers? Well, the left pointer will
point to the 0, but the right pointer will also point to the 0, since we always
start the right pointer out at one cell to the left of the pivot. This gives us this:

0 1 2 3 6 5
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We’re now ready to begin the partition.

Step #14: We compare the left pointer (0) with the pivot (1):

0 1 2 3 6 5
It’s less than the pivot, so we move on.

Step #15: We shift the left pointer one cell to the right. It now points to the pivot:

0 1 2 3 6 5
(right pointer) (left pointer)

Since the left pointer’s value (1) is not lower than the pivot (since it is the
pivot), the left pointer stops moving.

Step #16: We compare the right pointer with the pivot. Since it’s pointing to
a value that is less than the pivot, we don’t move it anymore. Since the left
pointer has passed the right pointer, we’re done moving pointers for this
partition. We’re ready for the final step.

Step #17: We now swap the left pointer with the pivot. Again, in this case,
the left pointer is actually pointing to the pivot itself, so the swap doesn’t
actually change anything. The pivot is now in its proper place, and we’re done
with this partition.

That leaves us with this:

0 1 2 3 6 5
Next up, we need to partition the subarray to the left of the most recent pivot.
In this case, that subarray is [0]—an array of just one element. An array of
zero or one elements is our base case, so we don’t do anything. The element
is just considered to be in its proper place automatically. So now we’ve got:

0 1 2 3 6 5
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We started out by treating 3 as our pivot, and partitioning the subarray to
its left ([0, 1, 2]). As promised, we now need to come back to partitioning the
subarray to the right of the 3, which is [6, 5].

We’ll obscure the [0, 1, 2, 3], since we’ve already sorted those, and now we’re
only focusing on the [6, 5]:

0 1 2 3 6 5
In the next partition, we’ll treat the right-most element (the 5) as the pivot.
That gives us:

0 1 2 3 6 5
When setting up our next partition, our left and right pointers both end up
pointing to the 6:

0 1 2 3 6 5
Step #18: We compare the left pointer (6) with the pivot (5). Since 6 is greater
than the pivot, the left pointer doesn’t move further.

Step #19: The right pointer is pointing to the 6 as well, so would theoretically
move on to the next cell to the left. However, there are no more cells to the
left of the 6, so the right pointer stops moving. Since the left pointer has
reached the right pointer, we’re done moving pointers altogether for this
partition. That means we’re ready for the final step.

Step #20: We swap the pivot with the value of the left pointer:

0 1 2 3 6
5
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Our pivot (5) is now in its correct spot, leaving us with:

0 1 2 3 5 6
Next up, we technically need to recursively partition the subarray to the left
and right of the [5, 6] subarray. Since there is no subarray to its left, that
means that we only need to partition the subarray to the right. Since the
subarray to the right of the 5 is a single element of [6], that’s our base case
and we do nothing—the 6 is automatically considered to be in its proper place:

0 1 2 3 5 6
And we’re done!

The Efficiency of Quicksort
To figure out the efficiency of Quicksort, let’s first determine the efficiency of
a partition. When breaking down the steps of a partition, we’ll note that a
partition consists of two types of steps:

• Comparisons: We compare each value to the pivot.
• Swaps: When appropriate, we swap the values being pointed to by the

left and right pointers.

Each partition has at least N comparisons—that is, we compare each element
of the array with the pivot. This is true because a partition always has the
left and right pointers move through each cell until the left and right pointers
reach each other.

The number of swaps depends on how the data is sorted. Each partition has at
least one swap, and the most swaps that a partition can have would be N / 2,
since even if we’d swap every possible value, we’d still be swapping the ones
from the left half with the ones from the right half. See this diagram:

7 6 5 3 2 41
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Now, for randomly sorted data, there would be roughly half of N / 2 swaps,
or N / 4 swaps. So with N comparisons and N / 4, we’d say there are about
1.25N steps. In Big O Notation, we ignore constants, so we’d say that a parti-
tion runs in O(N) time.

So that’s the efficiency of a single partition. But Quicksort involves many
partitions on arrays and subarrays of different sizes, so we need to do a further
analysis to determine the efficiency of Quicksort.

To visualize this more easily, here is a diagram depicting a typical Quicksort
on an array of eight elements from a bird’s-eye view. In particular, the diagram
shows how many elements each partition acts upon. We’ve left out the actual
numbers from the array since the exact numbers don’t matter. Note that in
the diagram, the active subarray is the group of cells that are not grayed out.

Partition #1: 8 elements

Partition #2: 3 elements

Partition #3: 1 element

Partition #4: 1 element

Partition #5: 4 elements

Partition #6: 2 elements

Partition #7: 1 element

Partition #8: 1 element
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We can see that we have eight partitions, but each partition takes place on
subarrays of various sizes. Now, where a subarray is just one element, that’s
our base case, and we don’t perform any swaps or comparisons, so the significant
partitions are the ones that take place on subarrays of two elements or more.

Since this example represents an average case, let’s assume that each partition
takes approximately 1.25N steps. So that gives us:

8 elements * 1.25 steps = 10 steps

3 elements * 1.25 steps = 3.75 steps

4 elements * 1.25 steps = 5 steps

+ 2 elements * 1.25 steps = 2.5 steps

__________

Total = Around 21 steps

If we do this analysis for arrays of various sizes, we’ll see that for N elements,
there are about N * log N steps. To get a feel for N * log N, see the following table:

N * log Nlog NN

824

2438

64416

In the preceding example, for an array of size 8, Quicksort took about 21
steps, which is about what 8 * log 8 is (24). This is the first time we’re
encountering such an algorithm, and in Big O, it’s expressed as O(N log N).

Now, it’s not a coincidence that the number of steps in Quicksort just happens
to align with N * log N. If we think about Quicksort more broadly, we can see
why it is this way:

When we begin Quicksort, we partition the entire array. Assuming that the
pivot ends up somewhere in the middle of the array—which is what happens
in the average case—we then break up the two halves of the array and partition
each half. We then take each of those halves, break them up into quarters,
and then partition each quarter. And so on and so forth.

In essence, we keep on breaking down each subarray into halves until we
reach subarrays with elements of 1. How many times can we break up an
array in this way? For an array of N, we can break it down log N times. That
is, an array of 8 can be broken in half three times until we reach elements of
1. You’re already familiar with this concept from binary search.
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Now, for each round in which we break down each subarray into two halves,
we then partition all the elements from the original array over again. See this
diagram:

Partition

Partition

Partition

Break into halves

Break into halves

Since we can break up the original array into equal subarrays log N times,
and for each time we break them up, we must run partitions on all N cells
from the original array, we end up with about N * log N steps.

For many other algorithms we’ve encountered, the best case was one where
the array was already sorted. When it comes to Quicksort, however, the best-
case scenario is one in which the pivot always ends up smack in the middle
of the subarray after the partition.

Worst-Case Scenario
The worst-case scenario for Quicksort is one in which the pivot always ends
up on one side of the subarray instead of the middle. This can happen in
several cases, including where the array is in perfect ascending or descending
order. The visualization for this process is shown on page 127.

While, in this case, each partition only involves one swap, we lose out because
of the many comparisons. In the first example, when the pivot always ended
up towards the middle, each partition after the first one was conducted on
relatively small subarrays (the largest subarray had a size of 4). In this
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Partition #1: 8 elements

Partition #2: 7 elements

Partition #3: 6 elements

Partition #4: 5 elements

Partition #5: 4 elements

Partition #6: 3 elements

Partition #7: 2 elements

example, however, the first five partitions take place on subarrays of size 4
or greater. And each of these partitions have as many comparisons as there
are elements in the subarray.

So in this worst-case scenario, we have partitions of 8 + 7 + 6 + 5 + 4 + 3 + 2
elements, which would yield a total of 35 comparisons.

To put this a little more formulaically, we’d say that for N elements, there are
N + (N - 1) + (N - 2) + (N - 3) … + 2 steps. This always comes out to be about
N2 / 2 steps, as you can see in the figures on page 128.

Since Big O ignores constants, we’d say that in a worst-case scenario,
Quicksort has an efficiency of O(N2).

Now that we’ve got Quicksort down, let’s compare it with Insertion Sort:

Worst caseAverage caseBest case

O(N2)O(N2)O(N)Insertion Sort

O(N2)O(N log N)O(N log N)Quicksort

report erratum  •  discuss

Worst-Case Scenario • 127

http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


82 82

We can see that they have identical worst-case scenarios, and that Insertion
Sort is actually faster than Quicksort for a best-case scenario. However, the
reason why Quicksort is so much more superior than Insertion Sort is because
of the average scenario—which, again, is what happens most of the time. For
average cases, Insertion Sort takes a whopping O(N2), while Quicksort is much
faster at O(N log N).

The following graph depicts various efficiencies side by side:

O(n2) O(n log n)

O(n)

O(log n)

Number of Elements
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mb
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 o

f 
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Because of Quicksort’s superiority in average circumstances, many languages
implement their own sorting functions by using Quicksort under the hood.
Because of this, it’s unlikely that you’ll be implementing Quicksort yourself.
However, there is a very similar algorithm that can come in handy for practical
cases—and it’s called Quickselect.

Quickselect
Let’s say that you have an array in random order, and you do not need to
sort it, but you do want to know the tenth-lowest value in the array, or the
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fifth-highest. This can be useful if we had a lot of test grades and wanted to
know what the 25th percentile was, or if we wanted to find the median grade.

The obvious way to solve this would be to sort the entire array and then jump
to the appropriate cell.

Even were we to use a fast sorting algorithm like Quicksort, this algorithm
would take at least O(N log N) for average cases, and while that isn’t bad, we
can do even better with a brilliant little algorithm known as Quickselect.
Quickselect relies on partitioning just like Quicksort, and can be thought of
as a hybrid of Quicksort and binary search.

As we’ve seen earlier in this chapter, after a partition, the pivot value ends
up in the appropriate spot in the array. Quickselect takes advantage of this
in the following way:

Let’s say that we have an array of eight values, and we want to find the second-
to-lowest value within the array.

First, we partition the entire array:

After the partition, the pivot will hopefully end up somewhere towards the
middle of the array:

This pivot is now in its correct spot, and since it’s in the fifth cell, we now know
which value is the fifth-lowest value within the array. Now, we’re looking for the
second-lowest value. But we also now know that the second-lowest value is
somewhere to the left of the pivot. We can now ignore everything to the right of
the pivot, and focus on the left subarray. It is in this respect that Quickselect
is similar to binary search: we keep dividing the array in half, and focus on the
half in which we know the value we’re seeking for will be found.

Next, we partition the subarray to the left of the pivot:
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Let’s say that the new pivot of this subarray ends up the third cell:

We now know that the value in the third cell is in its correct spot, meaning
that it’s the third-to-lowest value in the array. By definition, then, the second-
to-lowest value will be somewhere to its left. We can now partition the subarray
to the left of the third cell:

After this next partition, the lowest and second-lowest values will end up in
their correct spots within the array:

second lowest value

We can then grab the value from the second cell and know with confidence
that it’s the second-lowest value in the entire array. One of the beautiful
things about Quickselect is that we can find the correct value without having
to sort the entire array.

With Quicksort, for every time we cut the array in half, we need to re-partition
every single cell from the original array, giving us O(N log N). With Quickselect,
on the other hand, for every time we cut the array in half, we only need to
partition the one half that we care about—the half in which we know our
value is to be found.

When analyzing the efficiency of Quickselect, we’ll see that it’s O(N) for average
scenarios. Recall that each partition takes about N steps for the subarray it’s
run upon. Thus, for Quickselect on an array of eight elements, we run parti-
tions three times: on an array of eight elements, on a subarray of four ele-
ments, and on a subarray of two elements. This is a total of 8 + 4 + 2 = 14
steps. So an array of 8 elements yields roughly 14 steps.

For an array of 64 elements, we run 64 + 32 + 16 + 8 + 4 + 2 = 126 steps.
For 128 elements, we would have 254 steps. And for 256 elements, we would
have 510 steps.

If we were to formulate this, we would say that for N elements, we would have
N + (N/2) + (N/4) + (N/8) + … 2 steps. This always turns out to be roughly
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2N steps. Since Big O ignores constants, we would say that Quickselect has
an efficiency of O(N).

Below, we’ve implemented a quickselect! method that can be dropped into the
SortableArray class described previously. You’ll note that it’s very similar to the
quicksort! method:

def quickselect!(kth_lowest_value, left_index, right_index)
# If we reach a base case - that is, that the subarray has one cell,
# we know we've found the value we're looking for
if right_index - left_index <= 0

return @array[left_index]
end

# Partition the array and grab the position of the pivot
pivot_position = partition!(left_index, right_index)

if kth_lowest_value < pivot_position
quickselect!(kth_lowest_value, left_index, pivot_position - 1)

elsif kth_lowest_value > pivot_position
quickselect!(kth_lowest_value, pivot_position + 1, right_index)

else # kth_lowest_value == pivot_position
# if after the partition, the pivot position is in the same spot
# as the kth lowest value, we've found the value we're looking for
return @array[pivot_position]

end
end

If you wanted to find the second-to-lowest value of an unsorted array, you’d
run the following code:

array = [0, 50, 20, 10, 60, 30]
sortable_array = SortableArray.new(array)
p sortable_array.quickselect!(1, 0, array.length - 1)

The first argument of the quickselect! method accepts the position that you’re
looking for, starting at index 0. We’ve put in a 1 to represent the second-to-
lowest value.

Wrapping Up
The Quicksort and Quickselect algorithms are recursive algorithms that present
beautiful and efficient solutions to thorny problems. They’re great examples
of how a non-obvious but well-thought-out algorithm can boost performance.

Algorithms aren’t the only things that are recursive. Data structures can be
recursive as well. The data structures that we will encounter in the next few
chapters—linked list, binary tree, and graph—use their recursive natures to
allow for speedy data access in their own ingenious ways.
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CHAPTER 11

Node-Based Data Structures
For the next several chapters, we’re going to explore a variety of data structures
that all build upon a single concept—the node. Node-based data structures
offer new ways to organize and access data that provide a number of major
performance advantages.

In this chapter, we’re going to explore the linked list, which is the simplest
node-based data structure and the foundation for the future chapters. You’re
also going to discover that linked lists seem almost identical to arrays, but
come with their own set of trade-offs in efficiency that can give us a perfor-
mance boost for certain situations.

Linked Lists
A linked list is a data structure that represents a list of items, just like an array.
In fact, in any application in which you’re using an array, you could probably
use a linked list instead. Under the hood, however, linked lists are implemented
differently and can have different performance in varying situations.

As mentioned in our first chapter, memory inside a computer exists as a giant
set of cells in which bits of data are stored. When creating an array, your code
finds a contiguous group of empty cells in memory and designates them to
store data for your application as shown on page 134.

We also explained there that the computer has the ability to jump straight to
any index within the array. If you wrote code that said, “Look up the value
at index 4,” your computer could locate that cell in a single step. Again, this
is because your program knows which memory address the array starts
at—say, memory address 1000—and therefore knows that if it wants to look
up index 4, it should simply jump to memory address 1004.
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9 16

100

“hi”

“woah”

“a”

22

Linked lists, on the other hand, do not consist of a bunch of memory cells in a
row. Instead, they consist of a bunch of memory cells that are not next to each
other, but can be spread across many different cells across the computer’s
memory. These cells that are not adjacent to each other are known as nodes.

The big question is: if these nodes are not next to each other, how does the
computer know which nodes are part of the same linked list?

This is the key to the linked list: in addition to the data stored within the node,
each node also stores the memory address of the next node in the linked list.

This extra piece of data—this pointer to the next node’s memory address—is
known as a link. Here is a visual depiction of a linked list:

“a” 1652

1000 1001

“b” 1983

1652 1653

“c” 2001

1983 1984

“d” null

2001 2002

..... ..... .....

data link

In this example, we have a linked list that contains four pieces of data: "a", "b",
"c", and "d". However, it uses eight cells of memory to store this data, because
each node consists of two memory cells. The first cell holds the actual data,
while the second cell serves as a link that indicates where in memory the next
node begins. The final node’s link contains null since the linked list ends there.

For our code to work with a linked list, all it really needs to know is where in
memory the first node begins. Since each node contains a link to the next
node, if the application is given the first node of the linked list, it can piece
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together the rest of the list by following the link of the first node to the second
node, and the link from the second node to the third node, and so on.

One advantage of a linked list over an array is that the program doesn’t need
to find a bunch of empty memory cells in a row to store its data. Instead, the
program can store the data across many cells that are not necessarily adjacent
to each other.

Implementing a Linked List
Let’s implement a linked list using Ruby. We’ll use two classes to implement
this: Node and LinkedList. Let’s create the Node class first:

class Node

attr_accessor :data, :next_node

def initialize(data)
@data = data

end

end

The Node class has two attributes: data contains the value that the node is
meant to hold, while next_node contains the link to the next node in the list.
We can use this class as follows:

node_1 = Node.new("once")
node_2 = Node.new("upon")
node_1.next_node = node_2

node_3 = Node.new("a")
node_2.next_node = node_3

node_4 = Node.new("time")
node_3.next_node = node_4

With this code, we’ve created a list of four nodes that serve as a list containing
the strings "once", "upon", "a", and "time".

While we’ve been able to create this linked list with the Node class alone, we
need an easy way to tell our program where the linked list begins. To do this,
we’ll create a LinkedList class as well. Here’s the LinkedList class in its basic form:

class LinkedList

attr_accessor :first_node

def initialize(first_node)
@first_node = first_node

end

end
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With this class, we can tell our program about the linked list we created
previously using the following code:

list = LinkedList.new(node_1)

This LinkedList acts as a handle on the linked list by pointing to its first node.

Now that we know what a linked list is, let’s measure its performance against
a typical array. We’ll do this by analyzing the four classic operations: reading,
searching, insertion, and deletion.

Reading
We noted previously that when reading a value from an array, the computer
can jump to the appropriate cell in a single step, which is O(1). This is not
the case, however, with a linked list.

If your program wanted to read the value at index 2 of a linked list, the com-
puter could not look it up in one step, because it wouldn’t immediately know
where to find it in the computer’s memory. After all, each node of a linked
list could be anywhere in memory! Instead, all the program knows is the
memory address of the first node of the linked list. To find index 2 (which is
the third node), the program must begin looking up index 0 of the linked list,
and then follow the link at index 0 to index 1. It must then again follow the
link at index 1 to index 2, and finally inspect the value at index 2.

Let’s implement this operation inside our LinkedList class:

class LinkedList

attr_accessor :first_node

def initialize(first_node)
@first_node = first_node

end

def read(index)
# We begin at the first node of the list:
current_node = first_node
current_index = 0

while current_index < index do
# We keep following the links of each node until we get to the
# index we're looking for:
current_node = current_node.next_node
current_index += 1

# If we're past the end of the list, that means the
# value cannot be found in the list, so return nil:
return nil unless current_node

end
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return current_node.data
end

end

We can then look up a particular index within the list with:

list.read(3)

If we ask a computer to look up the value at a particular index, the worst-
case scenario would be if we’re looking up the last index in our list. In such
a case, the computer will take N steps to look up this index, since it needs to
start at the first node of the list and follow each link until it reaches the final
node. Since Big O Notation expresses the worst-case scenario unless explicitly
stated otherwise, we would say that reading a linked list has an efficiency of
O(N). This is a significant disadvantage in comparison with arrays in which
reads are O(1).

Searching
Arrays and linked lists have the same efficiency for search. Remember,
searching is looking for a particular piece of data within the list and getting
its index. With both arrays and linked lists, the program needs to start at the
first cell and look through each and every cell until it finds the value it’s
searching for. In a worst-case scenario—where the value we’re searching for
is in the final cell or not in the list altogether—it would take O(N) steps.

Here’s how we’d implement the search operation:

class LinkedList

attr_accessor :first_node

# rest of code omitted here...

def index_of(value)
# We begin at the first node of the list:
current_node = first_node
current_index = 0

begin
# If we find the data we're looking for, we return it:
if current_node.data == value

return current_index
end

# Otherwise, we move on the next node:
current_node = current_node.next_node
current_index += 1

end while current_node
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# If we get through the entire list, without finding the
# data, we return nil:
return nil

end

end

We can then search for any value within the list using:

list.index_of("time")

Insertion
Insertion is one operation in which linked lists can have a distinct advantage
over arrays in certain situations. Recall that the worst-case scenario for
insertion into an array is when the program inserts data into index 0, because
it then has to shift the rest of the data one cell to the right, which ends up
yielding an efficiency of O(N). With linked lists, however, insertion at the
beginning of the list takes just one step—which is O(1). Let’s see why.

Say that we had the following linked list:

If we wanted to add "yellow" to the beginning of the list, all we would have to
do is create a new node and have it link to the node containing "blue":

In contrast with the array, therefore, a linked list provides the flexibility of
inserting data to the front of the list without requiring the shifting of any
other data.

The truth is that, theoretically, inserting data anywhere within a linked list
takes just one step, but there’s one gotcha. Let’s say that we now have this
linked list:

And say that we want to insert "purple" at index 2 (which would be between
"blue" and "green"). The actual insertion takes one step, since we create the new
purple node and simply modify the blue node to point to it as shown on page
139.
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However, for the computer to do this, it first needs to find the node at index 1
("blue") so it can modify its link to point to the newly created node. As we’ve seen,
though, reading from a linked list already takes O(N). Let’s see this in action.

We know that we want to add a new node after index 1. So the computer
needs to find index 1 of the list. To do this, we must start at the beginning
of the list:

We then access the next node by following the first link:

Now that we’ve found index 1, we can finally add the new node:

In this case, adding "purple" took three steps. If we were to add it to the end of
our list, it would take five steps: four steps to find index 3, and one step to
insert the new node.

Therefore, inserting into the middle of a linked list takes O(N), just as it does
for an array.

Interestingly, our analysis shows that the best- and worst-case scenarios for
arrays and linked lists are the opposite of one another. That is, inserting at
the beginning is great for linked lists, but terrible for arrays. And inserting
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at the end is an array’s best-case scenario, but the worst case when it comes
to a linked list. The following table breaks this all down:

Linked listArrayScenario

Best caseWorst caseInsert at beginning

Average caseAverage caseInsert at middle

Worst caseBest caseInsert at end

Here’s how we can implement the insert operation in our LinkedList class:

class LinkedList

attr_accessor :first_node

# rest of code omitted here...

def insert_at_index(index, value)
# We create the new node:
new_node = Node.new(value)

# If we are inserting at beginning of list:
if index == 0
# Have our new node link to what was the first node
new_node.next_node = first_node
# Establish that the first node will now be our new node:
self.first_node = new_node

else
current_node = first_node
current_index = 0

# First, we find the index immediately before where the
# new node will go:
while current_index < (index - 1) do

current_node = current_node.next_node
current_index += 1

end

# We have the new node link to the next node
new_node.next_node = current_node.next_node

# We modify the link of the previous node to point to
# our new node:
current_node.next_node = new_node

end
end

end

Deletion
Deletion is very similar to insertion in terms of efficiency. To delete a node
from the beginning of a linked list, all we need to do is perform one step: we
change the first_node of the linked list to now point to the second node.
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Let’s return to our example of the linked list containing the values "once",
"upon", "a", and "time". If we wanted to delete the value "once", we would simply
change the linked list to begin at "upon":

list.first_node = node_2

Contrast this with an array in which deleting the first element means shifting
all remaining data one cell to the left, an efficiency of O(N).

When it comes to deleting the final node of a linked list, the actual deletion
takes one step—we just take the second-to-last node and make its link null.
However, it takes N steps to first get to the second-to-last node, since we need
to start at the beginning of the list and follow the links until we reach it.

The following table contrasts the various scenarios of deletion for both arrays
and linked lists. Note how it’s identical to insertion:

Linked listArraySituation

Best caseWorst caseDelete at beginning

Average caseAverage caseDelete at middle

Worst caseBest caseDelete at end

To delete from the middle of the list, the computer must modify the link of
the preceding node. The following example will make this clear.

Let’s say that we want to delete the value at index 2 ("purple") from the previous
linked list. The computer finds index 1 and switches its link to point to the
"green" node:

Here’s what the delete operation would look like in our class:

class LinkedList

attr_accessor :first_node

# rest of code omitted here...

def delete_at_index(index)
# If we are deleting the first node:
if index == 0
# Simply set the first node to be what is currently the second node:
self.first_node = first_node.next_node
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else
current_node = first_node
current_index = 0

# First, we find the node immediately before the one we
# want to delete and call it current_node:
while current_index < (index - 1) do

current_node = current_node.next_node
current_index += 1

end

# We find the node that comes after the one we're deleting:
node_after_deleted_node = current_node.next_node.next_node

# We change the link of the current_node to point to the
# node_after_deleted_node, leaving the node we want
# to delete out of the list:
current_node.next_node = node_after_deleted_node

end
end

end

After our analysis, it emerges that the comparison of linked lists and arrays
breaks down as follows:

Linked listArrayOperation

O(N)O(1)Reading

O(N)O(N)Search

O(N) (O(1) at beginning)O(N) (O(1) at end)Insertion

O(N) (O(1) at beginning)O(N) (O(1) at end)Deletion

Search, insertion, and deletion seem to be a wash, and reading from an array
is much faster than reading from a linked list. If so, why would one ever want
to use a linked list?

Linked Lists in Action
One case where linked lists shine is when we examine a single list and delete
many elements from it. Let’s say, for example, that we’re building an applica-
tion that combs through lists of email addresses and removes any email
address that has an invalid format. Our algorithm inspects each and every
email address one at a time, and uses a regular expression (a specific pattern
for identifying certain types of data) to determine whether the email address
is invalid. If it’s invalid, it removes it from the list.

No matter whether the list is an array or a linked list, we need to comb through
the entire list one element at a time to inspect each value, which would take
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N steps. However, let’s examine what happens when we actually delete email
addresses.

With an array, each time we delete an email address, we need another O(N)
steps to shift the remaining data to the left to close the gap. All this shifting
will happen before we can even inspect the next email address.

So besides the N steps of reading each email address, we need another N
steps multiplied by invalid email addresses to account for deletion of invalid
email addresses.

Let’s assume that one in ten email addresses are invalid. If we had a list of
1,000 email addresses, there would be approximately 100 invalid ones, and
our algorithm would take 1,000 steps for reading plus about 100,000 steps
for deletion (100 invalid email addresses * N).

With a linked list, however, as we comb through the list, each deletion takes
just one step, as we can simply change a node’s link to point to the appropriate
node and move on. For our 1,000 emails, then, our algorithm would take just
1,100 steps, as there are 1,000 reading steps, and 100 deletion steps.

Doubly Linked Lists
Another interesting application of a linked list is that it can be used as the
underlying data structure behind a queue. We covered queues in Crafting
Elegant Code, and you’ll recall that they are lists of items in which data
can only be inserted at the end and removed from the beginning. Back
then, we used an array as the basis for the queue, explaining that the queue
is simply an array with special constraints. However, we can also use a
linked list as the basis for a queue, assuming that we enforce the same
constraints of only inserting data at the end and removing data from the
beginning. Does using a linked list instead of an array have any advantages?
Let’s analyze this.

Again, the queue inserts data at the end of the list. As we discussed earlier
in this chapter, arrays are superior when it comes to inserting data, since
we’re able to do so at an efficiency of O(1). Linked lists, on the other hand,
insert data at O(N). So when it comes to insertion, the array makes for a
better choice than a linked list.

When it comes to deleting data from a queue, though, linked lists are faster,
since they are O(1) compared to arrays, which delete data from the beginning
at O(N).
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Based on this analysis, it would seem that it doesn’t matter whether we use
an array or a linked list, as we’d end up with one major operation that is O(1)
and another that is O(N). For arrays, insertion is O(1) and deletion is O(N),
and for linked lists, insertion is O(N) and deletion is O(1).

However, if we use a special variant of a linked list called the doubly linked
list, we’d be able to insert and delete data from a queue at O(1).

A doubly linked list is like a linked list, except that each node has two
links—one that points to the next node, and one that points to the preceding
node. In addition, the doubly linked list keeps track of both the first and last
nodes.

Here’s what a doubly linked list looks like:

“Bob”null “Jill” “Emily” “Greg” null

first
node

last
node

link to
preceeding 

node

link to
next node

In code, the core of a doubly linked list would look like this:

class Node

attr_accessor :data, :next_node, :previous_node

def initialize(data)
@data = data

end

end

class DoublyLinkedList

attr_accessor :first_node, :last_node

def initialize(first_node=nil, last_node=nil)
@first_node = first_node
@last_node = last_node

end

end

Since a doubly linked list always knows where both its first and last nodes
are, we can access each of them in a single step, or O(1). Similarly, we can
insert data at the end of a doubly linked list in one step by doing the following:
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“Bob”null “Jill” “Emily” “Greg” “Sue” null

We create a new node ("Sue") and have its previous_node point to the last_node of
the linked list ("Greg"). Then, we change the next_node of the last_node ("Greg") to
point to this new node ("Sue"). Finally, we declare the new node ("Sue") to be
the last_node of the linked list.

Here’s the implementation of a new insert_at_end method available to doubly
linked lists:

class DoublyLinkedList

attr_accessor :first_node, :last_node

def initialize(first_node=nil, last_node=nil)
@first_node = first_node
@last_node = last_node

end

def insert_at_end(value)
new_node = Node.new(value)

# If there are no elements yet in the linked list:
if !first_node
@first_node = new_node
@last_node = new_node

else
new_node.previous_node = @last_node
@last_node.next_node = new_node
@last_node = new_node

end
end

end

Because doubly linked lists have immediate access to both the front and end
of the list, they can insert data on either side at O(1) as well as delete data
on either side at O(1). Since doubly linked lists can insert data at the end in
O(1) time and delete data from the front in O(1) time, they make the perfect
underlying data structure for a queue.

Here’s a complete example of a queue that is built upon a doubly linked list:

class Node

attr_accessor :data, :next_node, :previous_node

def initialize(data)
@data = data

end
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end

class DoublyLinkedList

attr_accessor :first_node, :last_node

def initialize(first_node=nil, last_node=nil)
@first_node = first_node
@last_node = last_node

end

def insert_at_end(value)
new_node = Node.new(value)

# If there are no elements yet in the linked list:
if !first_node
@first_node = new_node
@last_node = new_node

else
new_node.previous_node = @last_node
@last_node.next_node = new_node
@last_node = new_node

end
end

def remove_from_front
removed_node = @first_node
@first_node = @first_node.next_node
return removed_node

end

end

class Queue
attr_accessor :queue

def initialize
@queue = DoublyLinkedList.new

end

def enque(value)
@queue.insert_at_end(value)

end

def deque
removed_node = @queue.remove_from_front
return removed_node.data

end

def tail
return @queue.last_node.data

end
end
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Wrapping Up
Your current application may not require a queue, and your queue may work
just fine even if it’s built upon an array rather than a doubly linked list.
However, you are learning that you have choices—and you are learning how
to make the right choice at the right time.

You’ve learned how linked lists can be useful for boosting performance in
certain situations. In the next chapters, we’re going to learn about more
complex node-based data structures that are more common and used in many
everyday circumstances to make applications run at greater efficiency.
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CHAPTER 12

Speeding Up All the Things
with Binary Trees

In Why Algorithms Matter, we covered the concept of binary search, and
demonstrated that if we have an ordered array, we can use binary search to
locate any value in O(log N) time. Thus, ordered arrays are awesome.

However, there is a problem with ordered arrays.

When it comes to insertions and deletions, ordered arrays are slow. Whenever
a value is inserted into an ordered array, we first shift all items greater than
that value one cell to the right. And when a value is deleted from an ordered
array, we shift all greater values one cell to the left. This takes N steps in a
worst-case scenario (inserting into or deleting from the first value of the array),
and N / 2 steps on average. Either way, it’s O(N), and O(N) is relatively slow.

Now, we learned in Blazing Fast Lookup with Hash Tables that hash tables
are O(1) for search, insertion, and deletion, but they have one significant
disadvantage: they do not maintain order.

But what do we do if we want a data structure that maintains order, and also
has fast search, insertion, and deletion? Neither an ordered array nor a hash
table is ideal.

Enter the binary tree.

Binary Trees
We were introduced to node-based data structures in the previous chapter
using linked lists. In a simple linked list, each node contains a link that
connects this node to a single other node. A tree is also a node-based data
structure, but within a tree, each node can have links to multiple nodes.
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Here is a visualization of a simple tree:

“j”1100 1110

1000 1001 1002

“m”1500 1600

1099 1100 1101

“b”2000 2010

1109 1110 1111

“q”- -
1499 1500 1501

“z”- -
1599 1600 1601

“t”- -
1999 2000 2001

“s”- -
2009 2010 2011

In this example, each node has links that lead to two other nodes. For the
sake of simplicity, we can represent this tree visually without showing all the
actual links:

“j”

“m” “b”

“q” “z” “t” “s”

Trees come with their own unique nomenclature:

• The uppermost node (in our example, the “j”) is called the root. Yes, in
our picture the root is at the top of the tree; deal with it.

• In our example, we’d say that the “j” is a parent to “m” and “b”, which are
in turn children of “j”. The “m” is a parent of “q” and “z”, which are in turn
children of “m”.

• Trees are said to have levels. The preceding tree has three levels:

“j”

“m” “b”

“q” “z” “t” “s”

First Level

Second Level

Third Level
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There are many different kinds of tree-based data structures, but in this
chapter, we’ll be focusing on a particular tree known as a binary tree. A
binary tree is a tree that abides by the following rules:

• Each node has either zero, one, or two children.
• If a node has two children, it must have one child that has a lesser value

than the parent, and one child that has a greater value than the parent.

Here’s an example of a binary tree, in which the values are numbers:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95

Note that each node has one child with a lesser value than itself, which is
depicted using a left arrow, and one child with a greater value than itself,
which is depicted using a right arrow.

While the following example is a tree, it is not a binary tree:

50

20 30
It is not a valid binary tree because both children of the parent node have
values less than the parent itself.

The implementation of a tree node in Python might look something like this:

class TreeNode:
def __init__(self,val,left=None,right=None):

self.value = val
self.leftChild = left
self.rightChild = right

We can then build a simple tree like this:

node = TreeNode(1)
node2 = TreeNode(10)
root = TreeNode(5, node, node2)
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Because of the unique structure of a binary tree, we can search for any value
within it very, very quickly, as we’ll now see.

Searching
Here again is a binary tree:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95

The algorithm for searching within a binary tree begins at the root node:

1. Inspect the value at the node.

2. If we’ve found the value we’re looking for, great!

3. If the value we’re looking for is less than the current node, search for it
in its left subtree.

4. If the value we’re looking for is greater than the current node, search for
it in its right subtree.

Here’s a simple, recursive implementation for this search in Python:

def search(value, node):
# Base case: If the node is nonexistent
# or we've found the value we're looking for:
if node is None or node.value == value:

return node

# If the value is less than the current node, perform
# search on the left child:
elif value < node.value:

return search(value, node.leftChild)

# If the value is less than the current node, perform
# search on the right child:
else: # value > node.value

return search(value, node.rightChild)

Say we wanted to search for the 61. Let’s see how many steps it would take
by walking through this visually.
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When searching a tree, we must always begin at the root:

50

25 75

10 33 56 89

11 30 40 52 61 82 95

We begin our search
at the root

4

Next, the computer asks itself: is the number we’re searching for (61) greater
or less than the value of this node? If the number we’re looking for is less
than the current node, look for it in the left child. If it’s greater than the cur-
rent node, look for it in the right child.

In this example, since 61 is greater than 50, we know it must be somewhere
to the right, so we search the right child:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95

“Are you my mother?” asks the algorithm. Since the 75 is not the 61 we’re
looking for, we need to move down to the next level. And since 61 is less than
75, we’ll check the left child, since the 61 could only be there:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95
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Since 61 is greater than 56, we search for it in the right child of the 56:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95

In this example, it took us four steps to find our desired value.

More generally, we’d say that searching in a binary tree is O(log N). This is
because each step we take eliminates half of the remaining possible values
in which our value can be stored. (We’ll see soon, though, that this is only
for a perfectly balanced binary tree, which is a best-case scenario.)

Compare this with binary search, another O(log N) algorithm, in which each
number we try also eliminates half of the remaining possible values. In this
regard, then, searching a binary tree has the same efficiency as binary search
within an ordered array.

Where binary trees really shine over ordered arrays, though, is with insertion.

Insertion
To discover the algorithm for inserting a new value into a binary tree, let’s
work with an example. Say that we want to insert the number 45 into the
previous tree.

The first thing we’d have to do is find the correct node to attach the 45 to. To
begin our search, we start at the root:

50

25 75

10 33 56 89

11 30 40 52 61 82 95

We begin our search
at the root

4
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Since 45 is less than 50, we drill down to the left child:

50

25 75

10 33 56 89

11 30 40 52 61 82 954

Since 45 is greater than 25, we must inspect the right child:

50

25 75

10 33 56 89

11 30 40 52 61 82 954

45 is greater than 33, so we check the 33’s right child:

50

25 75

10 33 56 89

11 30 40 52 61 82 954

At this point, we’ve reached a node that has no children, so we have nowhere
to go. This means we’re ready to perform our insertion.

Since 45 is greater than 40, we insert it as a right child node of the 40:

50

25 75

10 33 56 89

11 30 40 52 61 82 954

45
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In this example, insertion took five steps, consisting of four search steps, and
one insertion step. Insertion always takes just one extra step beyond a search,
which means that insertion takes log N + 1 steps, which is O(log N) as Big O
ignores constants.

In an ordered array, by contrast, insertion takes O(N), because in addition to
search, we must shift a lot of data to the right to make room for the value
that we’re inserting.

This is what makes binary trees so efficient. While ordered arrays have O(log
N) search and O(N) insertion, binary trees have O(log N) and O(log N) insertion.
This becomes critical in an application where you anticipate a lot of changes
to your data.

Here’s a Python implementation of inserting a value into a binary tree. Like
the search function, it is recursive:

def insert(value, node):
if value < node.value:

# If the left child does not exist, we want to insert
# the value as the left child:
if node.leftChild is None:

node.leftChild = TreeNode(value)
else:

insert(value, node.leftChild)

elif value > node.value:

# If the right child does not exist, we want to insert
# the value as the right child:
if node.rightChild is None:

node.rightChild = TreeNode(value)
else:

insert(value, node.rightChild)

It is important to note that only when creating a tree out of randomly sorted
data do trees usually wind up well-balanced. However, if we insert sorted
data into a tree, it can become imbalanced and less efficient. For example, if
we were to insert the following data in this order—1, 2, 3, 4, 5—we’d end up
with a tree that looks like this:

1

2

3

4

5
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Searching for the 5 within this tree would take O(N).

However, if we inserted the same data in the following order—3, 2, 4, 1, 5—the
tree would be evenly balanced:

3

4

51

2

Because of this, if you ever wanted to convert an ordered array into a binary
tree, you’d better first randomize the order of the data.

It emerges that in a worst-case scenario, where a tree is completely imbal-
anced, search is O(N). In a best-case scenario, where it is perfectly balanced,
search is O(log N). In the typical scenario, in which data is inserted in random
order, a tree will be pretty well balanced and search will take about O(log N).

Deletion
Deletion is the least straightforward operation within a binary tree, and
requires some careful maneuvering. Let’s say that we want to delete the 4
from this binary tree:

50

25 75

10 33 56 89

11 30 40 52 61 82 95

We begin our search
at the root

4

First, we perform a search to first find the 4, and then we can just delete it
one step:

50

25 75

10 33 56 89

4 11 30 40 52 61 82 95
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While that was simple, let’s say we now want to delete the 10 as well. If we
delete the 10

50

25 75

10 33 56 89

11 30 40 52 61 82 95

we end up with an 11 that isn’t connected to the tree anymore. And we can’t
have that, because we’d lose the 11 forever. However, there’s a solution to
this problem: we’ll plug the 11 into where the 10 used to be:

50

25 75

33 56 8911

30 40 52 61 82 95

So far, our deletion algorithm follows these rules:

• If the node being deleted has no children, simply delete it.
• If the node being deleted has one child, delete it and plug the child into

the spot where the deleted node was.

Deleting a node that has two children is the most complex scenario. Let’s say
that we wanted to delete the 56:

50

25 75

33 56 8911

30 40 52 61 82 95
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What are we going to do with the 52 and 61? We cannot put both of them
where the 56 was. That is where the next rule of the deletion algorithm comes
into play:

• When deleting a node with two children, replace the deleted node with
the successor node. The successor node is the child node whose value is
the least of all values that are greater than the deleted node.

That was a tricky sentence. In other words, the successor node is the next
number up from the deleted value. In this case, the next number up among
the descendants of 56 is 61. So we replace the 56 with the 61:

50

25 75

33 61 8911

30 40 52 82 95

How does the computer find the successor value? There is an algorithm
for that:

Visit the right child of the deleted value, and then keep on visiting the left
child of each subsequent child until there are no more left children. The bottom
value is the successor node.

Let’s see this again in action in a more complex example. Let’s delete the
root node:

50

25 75

33 61 8911

30 40 52 82 95

We now need to plug the successor value into the root node. Let’s find the
successor value.
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To do this, we first visit the right child, and then keep descending leftward
until we reach a node that doesn’t have a left child:

50

25 75

33 61 8911

30 40 52 82 95

1

2

3

Successor
Node

Now that we’ve found the successor node—the 52—we plug it into the node
that we deleted:

25 75

33 61 8911

30 40 82 95

52

And we’re done!

However, there is one case that we haven’t accounted for yet, and that’s where
the successor node has a right child of its own. Let’s recreate the preceding
tree, but add a right child to the 52:

50

25 75

33 61 8911

30 40 52 82 95

55 New Right Child
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In this case, we can’t simply plug the successor node—the 52—into the root,
since we’d leave its child of 55 hanging. Because of this, there’s one more
rule to our deletion algorithm:

• If the successor node has a right child, after plugging the successor into
the spot of the deleted node, take the right child of the successor node
and turn it into the left child of the parent of the successor node.

Let’s walk through the steps.

First, we plug the successor node into the root:

25 75

33 61 8911

30 40 82 95

52

55 Hanging Child

At this point, the 55 is left dangling. Next, we turn the 55 into the left child
of what was the parent of the successor node. In this case, 61 was the parent
of the successor node, so we make the 55 the left child of the 61:

25 75

33 61 8911

30 40 82 95

52

55

And now we’re really done.

Pulling all the steps together, the algorithm for deletion from a binary tree is:

• If the node being deleted has no children, simply delete it.

• If the node being deleted has one child, delete it and plug the child into
the spot where the deleted node was.
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• When deleting a node with two children, replace the deleted node with
the successor node. The successor node is the child node whose value is
the least of all values that are greater than the deleted node.

– If the successor node has a right child, after plugging the successor
node into the spot of the deleted node, take the right child of the
successor node and turn it into the left child of the parent of the suc-
cessor node.

Here’s a recursive Python implementation of deletion from a binary tree. It’s
a little tricky at first, so we’ve sprinkled comments liberally:

def delete(valueToDelete, node):

# The base case is when we've hit the bottom of the tree,
# and the parent node has no children:
if node is None:

return None

# If the value we're deleting is less or greater than the current node,
# we set the left or right child respectively to be
# the return value of a recursive call of this very method on the current
# node's left or right subtree.
elif valueToDelete < node.value:

node.leftChild = delete(valueToDelete, node.leftChild)
# We return the current node (and its subtree if existent) to
# be used as the new value of its parent's left or right child:
return node

elif valueToDelete > node.value:
node.rightChild = delete(valueToDelete, node.rightChild)
return node

# If the current node is the one we want to delete:
elif valueToDelete == node.value:

# If the current node has no left child, we delete it by
# returning its right child (and its subtree if existent)
# to be its parent's new subtree:
if node.leftChild is None:

return node.rightChild

# (If the current node has no left OR right child, this ends up
# being None as per the first line of code in this function.)

elif node.rightChild is None:
return node.leftChild

# If the current node has two children, we delete the current node
# by calling the lift function (below), which changes the current node's
# value to the value of its successor node:
else:

node.rightChild = lift(node.rightChild, node)
return node
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def lift(node, nodeToDelete):

# If the current node of this function has a left child,
# we recursively call this function to continue down
# the left subtree to find the successor node.
if node.leftChild:

node.leftChild = lift(node.leftChild, nodeToDelete)
return node

# If the current node has no left child, that means the current node
# of this function is the successor node, and we take its value
# and make it the new value of the node that we're deleting:
else:

nodeToDelete.value = node.value
# We return the successor node's right child to be now used
# as its parent's left child:
return node.rightChild

Like search and insertion, deleting from trees is also typically O(log N). This
is because deletion requires a search plus a few extra steps to deal with any
hanging children. Contrast this with deleting a value from an ordered array,
which takes O(N) due to shifting elements to the left to close the gap of the
deleted value.

Binary Trees in Action
We’ve seen that binary trees boast efficiencies of O(log N) for search, insertion,
and deletion, making it an efficient choice for scenarios in which we need to
store and manipulate ordered data. This is particularly true if we will be
modifying the data often, because while ordered arrays are just as fast as
binary trees when searching data, binary trees are significantly faster when
it comes to inserting and deleting data.

For example, let’s say that we’re creating an application that maintains a list
of book titles. We’d want our application to have the following functionality:

• Our program should be able to print out the list of book titles in alphabet-
ical order.

• Our program should allow for constant changes to the list.

• Our program should allow the user to search for a title within the list.

If we didn’t anticipate that our booklist would be changing that often, an
ordered array would be a suitable data structure to contain our data. However,
we’re building an app that should be able to handle many changes in real
time. If our list had millions of titles, we’d better use a binary tree.
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Such a tree might look something like this:

“Great
Expectations”

“Moby Dick”

“Robinson
Crusoe”

“Alice in
Wonderland”

“Lord of
the Flies”

“Pride and
Prejudice”

“The Odyssey”

Now, we’ve already covered how to search, insert, and delete data from a
binary tree. We mentioned, though, that we also want to be able to print the
entire list of book titles in alphabetical order. How can we do that?

Firstly, we need the ability to visit every single node in the tree. The process
of visiting every node in a data structure is known as traversing the data
structure.

Secondly, we need to make sure that we traverse the tree in alphabetically
ascending order so that we can print out the list in that order. There are multiple
ways to traverse a tree, but for this application, we will perform what is known
as inorder traversal, so that we can print out each title in alphabetical order.

Recursion is a great tool for performing inorder traversal. We’ll create a
recursive function called traverse that can be called on a particular node. The
function then performs the following steps:

1. Call itself (traverse) on the node’s left child if it has one.

2. Visit the node. (For our book title app, we print the value of the node at
this step.)

3. Call itself (traverse) on the node’s right child if it has one.

For this recursive algorithm, the base case is when a node has no children,
in which case we simply print the node’s title but do not call traverse again.

If we called traverse on the “Moby Dick” node, we’d visit all the nodes of the
tree in the order shown on the diagram on page 165.

And that’s exactly how we can print out our list of book titles in alphabetical
order. Note that tree traversal is O(N), since by definition, traversal visits every
node of the tree.
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“Great
Expectations”

“Moby Dick”

“Robinson
Crusoe”

“Alice in
Wonderland”

“Lord of
the Flies”

“Pride and
Prejudice”

“The Odyssey”
1

2

3

4

5

6

7

Here’s a Python traverse_and_print function that works for our list of book titles:

def traverse_and_print(node):
if node is None:

return
traverse_and_print(node.leftChild)
print(node.value)
traverse_and_print(node.rightChild)

Wrapping Up
Binary trees are a powerful node-based data structure that provides order
maintenance, while also offering fast search, insertion, and deletion. They’re
more complex than their linked list cousins, but offer tremendous value.

It is worth mentioning that in addition to binary trees, there are many other
types of tree-based data structures as well. Heaps, B-trees, red-black trees,
and 2-3-4 trees, as well as many other trees each have their own use for
specialized scenarios.

In the next chapter, we’ll encounter yet another node-based data structure
that serves as the heart of complex applications such as social networks and
mapping software. It’s powerful yet nimble, and it’s called a graph.
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CHAPTER 13

Connecting Everything with Graphs
Let’s say that we’re building a social network such as Facebook. In such an
application, many people can be “friends” with one another. These friendships
are mutual, so if Alice is friends with Bob, then Bob is also friends with Alice.

How can we best organize this data?

One very simple approach might be to use a two-dimensional array that stores
the list of friendships:

relationships = [
["Alice", "Bob"],
["Bob", "Cynthia"],
["Alice", "Diana"],
["Bob", "Diana"],
["Elise", "Fred"],
["Diana", "Fred"],
["Fred", "Alice"]

]

Unfortunately, with this approach, there’s no quick way to see who Alice’s
friends are. We’d have to inspect each relationship within the array, and check
to see whether Alice is contained within the relationship. By the time we get
through the entire array, we’d create a list of all of Alice’s friends (who happen
to be Bob, Diana, and Fred). We’d also perform the same process if we wanted
to simply check whether Elise was Alice’s friend.

Based on the way we’ve structured our data, searching for Alice’s friends
would have an efficiency of O(N), since we need to inspect every relationship
in our database.

But we can do much, much better. With a data structure known as a graph,
we can find each of Alice’s friends in just O(1) time.
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Graphs
A graph is a data structure that specializes in relationships, as it easily conveys
how data is connected.

Here is a visualization of our Facebook network:

Alice

Fred Elise

Diana

Bob

Cynthia

Each person is represented by a node, and each line indicates a friendship
with another person. In graph jargon, each node is called a vertex, and each
line is called an edge. Vertices that are connected by an edge are said to be
adjacent to each other.

There are a number of ways that a graph can be implemented, but one of the
simplest ways is using a hash table (see Blazing Fast Lookup with Hash
Tables). Here’s a bare-bones Ruby implementation of our social network:

friends = {
"Alice" => ["Bob", "Diana", "Fred"],
"Bob" => ["Alice", "Cynthia", "Diana"],
"Cynthia" => ["Bob"],
"Diana" => ["Alice", "Bob", "Fred"],
"Elise" => ["Fred"],
"Fred" => ["Alice", "Diana", "Elise"]

}

With a graph, we can look up Alice’s friends in O(1), because we can look up
the value of any key in a hash table in one step:

friends["Alice"]

Alice

BobCynthia

With Twitter, in contrast to Facebook, relationships
are not mutual. That is, Alice can follow Bob, but
Bob doesn’t necessarily follow Alice. Let’s construct
a new graph (shown at right) that demonstrates
who follows whom.
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In this example, the arrows indicate the direction of the relationship. Alice
follows both Bob and Cynthia, but no one follows Alice. Bob and Cynthia
follow each other.

Using our hash table approach, we’d use the following code:

followees = {
"Alice" => ["Bob", "Cynthia"],
"Bob" => ["Cynthia"],
"Cynthia" => ["Bob"]

}

While the Facebook and Twitter examples are similar, the nature of the rela-
tionships in each example are different. Because relationships in Twitter are
one-directional, we use arrows in our visual implementation, and such a
graph is known as a directed graph. In Facebook, where the relationships are
mutual and we use simple lines, the graph is called a non-directed graph.

While a simple hash table can be used to represent a graph, a more robust
object-oriented implementation can be used as well.

Here’s a more robust implementation of a graph, using Ruby:

class Person

attr_accessor :name, :friends

def initialize(name)
@name = name
@friends = []

end

def add_friend(friend)
@friends << friend

end

end

With this Ruby class, we can create people and establish friendships:

mary = Person.new("Mary")
peter = Person.new("Peter")

mary.add_friend(peter)
peter.add_friend(mary)

Breadth-First Search
LinkedIn is another popular social network that specializes in business rela-
tionships. One of its well-known features is that you can determine your
second- and third-degree connections in addition to your direct network.
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Alice Bob Cynthia
In the diagram on the right,
Alice is connected directly
to Bob, and Bob is connect-
ed directly to Cynthia. However, Alice is not connected directly to Cynthia.
Since Cynthia is connected to Alice by way of Bob, Cynthia is said to be Alice’s
second-degree connection.

If we wanted to find Alice’s entire network, including her indirect connections,
how would we go about that?

There are two classic ways to traverse a graph: breadth-first search and depth-
first search. We’ll explore breadth-first search here, and you can look up
depth-first search on your own. Both are similar and work equally well for
most cases, though.

The breadth-first search algorithm uses a queue (see Crafting Elegant Code),
which keeps track of which vertices to process next. At the very beginning,
the queue only contains the starting vertex (Alice, in our case). So, when our
algorithm begins, our queue looks like this:

[Alice]

We then process the Alice vertex by removing it from the queue, marking it
as having been “visited,” and designating it as the current vertex. (This will
all become clearer when we walk through the example shortly.)

We then follow three steps:

1. Visit each vertex adjacent to the current vertex. If it has not yet been vis-
ited, mark it as visited, and add it to a queue. (We do not yet make it the
current vertex, though.)

2. If the current vertex has no unvisited vertices adjacent to it, remove the
next vertex from the queue and make it the current vertex.

3. If there are no more unvisited vertices adjacent to the current vertex, and
there are no more vertices in the queue, the algorithm is complete.

Let’s see this in action. Here is Alice’s LinkedIn network as shown in the top
diagram on page 171. We start by making Alice the current vertex. To indicate
in our diagram that she is the current vertex, we surround her with lines. We
also put a check mark by her to indicate that she has been visited.

We then continue the algorithm by visiting an unvisited adjacent vertex—in
this case, Bob. We add a check mark by his name too as shown in the second
diagram on page 171.
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Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

First Degree
Connections

Second Degree
Connections

Third Degree
Connections

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Current Vertex

We also add Bob to our queue, so our queue is now: [Bob]. This indicates that
we still have yet to make Bob the current vertex. Note that while Alice is the
current vertex, we’ve still been able to visit Bob.

Next, we check whether Alice—the current vertex—has any other unvisited
adjacent vertices. We find Candy, so we mark that as visited:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Our queue now contains [Bob, Candy].
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Alice still has Derek as an unvisited adjacent vertex, so we visit it:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

The queue is now [Bob, Candy, Derek].

Alice has one more unvisited adjacent connection, so we visit Elaine:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Our queue is now [Bob, Candy, Derek, Elaine].

Alice—our current vertex—has no more unvisited adjacent vertices, so we
move on to the second rule of our algorithm, which says that we remove a
vertex from the queue, and make it our current vertex. Recall from Crafting
Elegant Code that we can only remove data from the beginning of a queue,
so that would be Bob.

Our queue is now [Candy, Derek, Elaine], and Bob is our current vertex:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena
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We now return to the first rule, which asks us to find any unvisited adjacent
vertices of the current vertex. Bob has one such vertex—Fred—so we mark
it as visited and add it to our queue:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Our queue now contains [Candy, Derek, Elaine, Fred].

Since Bob has no more unvisited adjacent vertices, we remove the next vertex
from the queue—Candy—and make it the current vertex:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

However, Candy has no unvisited adjacent vertices. So we grab the next item
off the queue—Derek—leaving our queue as [Elaine, Fred]:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena
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Derek has Gina as an unvisited adjacent connection, so we mark Gina as
visited:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

The queue is now [Elaine, Fred, Gina].

Derek has no more adjacent vertices to visit, so we take Elaine off the queue
and make her the current vertex:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Elaine has no adjacent vertices that have not been visited, so we take Fred
off the queue:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

At this point, our queue is [Gina].
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Now, Fred has one person to visit—Helen—so we mark her as visited and add
her to the queue, making it [Gina, Helen]:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Since Fred has no more unvisited connections, we take Gina off the queue,
making her the current vertex:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Our queue now only contains Helen: [Helen].

Gina has one vertex to visit—Irena:

Alice

Candy ElaineBob

Fred

Helen

Derek

Gina

Irena

Our queue currently contains [Helen, Irena].
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Gina has no more connections to visit, so we take Helen from the queue, making
her the current vertex, and leaving our queue with [Irena]. Helen has nobody to
visit, so we take Irena from the queue and make her the current vertex. Now,
Irena also has no vertices to visit, so since the queue is empty—we’re done!

Let’s add a display_network method to our Person class that uses breadth-first
search to display the names of a person’s entire network:

class Person

attr_accessor :name, :friends, :visited

def initialize(name)
@name = name
@friends = []
@visited = false

end

def add_friend(friend)
@friends << friend

end

def display_network
# We keep track of every node we ever visit, so we can reset their
# 'visited' attribute back to false after our algorithm is complete:
to_reset = [self]

# Create the queue. It starts out containing the root vertex:
queue = [self]
self.visited = true

while queue.any?
# The current vertex is whatever is removed from the queue
current_vertex = queue.shift
puts current_vertex.name

# We add all adjacent vertices of the current vertex to the queue:
current_vertex.friends.each do |friend|

if !friend.visited
to_reset << friend
queue << friend
friend.visited = true

end
end

end

# After the algorithm is complete, we reset each node's 'visited'
# attribute to false:
to_reset.each do |node|
node.visited = false

end
end

end
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To make this work, we’ve also added the visited attribute to the Person class
that keeps track of whether the person was visited in the search.

The efficiency of breadth-first search in our graph can be calculated by
breaking down the algorithm’s steps into two types:

• We remove a vertex from the queue to designate it as the current vertex.
• For each current vertex, we visit each of its adjacent vertices.

Now, each vertex ends up being removed from the queue once. In Big O
Notation, this is called O(V). That is, for V vertices in the graph, there are V
removals from the queue.

Why don’t we simply call this O(N), with N being the number of vertices? The
answer is because in this (and many graph algorithms), we also have additional
steps that process not just the vertices themselves, but also the edges, as
we’ll now explain.

Let’s examine the number of times we visit each of the adjacent vertices of a
current vertex.

Let’s zero in on the step where Bob is the current vertex.

At this step, this code runs:

current_vertex.friends.each do |friend|
if !friend.visited

queue << friend
friend.visited = true

end
end

That is, we visit every vertex adjacent to Bob. This doesn’t just include Fred,
but it also includes Alice! While we don’t queue Alice at this step because her
vertex was already visited, she still takes up another step in our each loop.

If you walk through the steps of breadth-first search again carefully, you’ll
see that the number of times we visit adjacent vertices is twice the number
of edges in the graph. This is because each edge connects two vertices, and
for every vertex, we check all of its adjacent vertices. So each edge gets
used twice.

So, for E edges, we check adjacent vertices 2E times. That is, for E edges in
the graph, we check twice that number of adjacent vertices. However, since
Big O ignores constants, we just write it as O(E).

Since there are O(V) removals from the queue, and O(E) visits, we say that
breadth-first search has an efficiency of O(V + E).
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Graph Databases
Because graphs are so versatile at handling relationships, there are actually
databases that store data in the form of a graph. Traditional relational
databases (databases that store data as columns and rows) can also store
such data, but let’s compare their performance against graph databases for
dealing with something like a social network.

Let’s say that we have a social network in which there are five friends who
are all connected to each other. These friends are Alice, Bob, Cindy, Dennis,
and Ethel. A graph database that will store their personal information may
look something like this:

Alice Adams
alice@example.net

555-111-1111

Bob Block
bob@example.net
555-222-2222

Cindy Clyde
cindy@example.net

555-333-3333

Dennis Dimberg
dennis@example.net

555-444-4444

Ethel Emory
ethel@example.net

555-555-5555

We can use a relational database to store this information as well. This would
likely use two tables—one for storing the personal info of each user, and one
for storing the relationships between the friends. Here is the Users table:

id firstname lastname email phone
1

2
3
4
5

Alice

Bob
Cindy
Dennis
Ethel

Adams

Block
Clyde

Dimberg
Emory

alice@example.net

bob@example.net
cindy@example.net
dennis@example.net
ethel@example.net

555-111-1111

555-222-2222
555-333-3333
555-444-4444
555-555-5555

Users Table
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We would use a separate Friendships table to keep track of who is friends
with whom:

user_id friend_id
1 2
1
1
1
2
2
2
2
3
3
3
3
4
4
4
4
5
5
5
5

3
4
5
1
3
4
5
1
2
4
5
1
2
3
5
1
2
3
4

Friendships Table

Alice is friends
with Bob.

We’ll avoid getting too deep into database theory, but note how this Friend-
ships table uses the ids of each user to represent each user.

Assume that our social network has a feature that allows each user to see all
the personal information about their friends. If Cindy were requesting this
info, that would mean she’d like to see everything about Alice, Bob, Dennis,
and Ethel, including their email addresses and phone numbers.

Let’s see how Cindy’s request would be executed if our application was backed
by a relational database. First, we would have to look up Cindy’s id in the
Users table:

id firstname lastname email phone
3 Cindy Clyde cindy@example.net 555-333-3333

Users Table

Cindy’s id
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Then, we’d look for all the rows in the Friendships table where the user id is 3:

user_id friend_id
3
3
3
3

1
2
4
5

Friendships Table

Cindy Cindy’s
Friends

We now have a list of the ids of all of Cindy’s friends: [1, 2, 4, 5].

With this id list, we need to return to the Users table to find each row with
the appropriate id. The speed at which the computer can find each row in the
Users table will be approximately O(log N). This is because the database
maintains the rows in order of their ids, and the database can then use
binary search to find each row. (This explanation applies to certain relational
databases; other processes may apply to other relational databases.)

Since Cindy has four friends, the computer needs to perform O(log N) four
times to pull all the friends’ personal data. To say this more generally, for M
friends, the efficiency of pulling their information is O(M log N). That is, for
each friend, we run a search that takes log N steps.

Contrast this with getting the scoop on Cindy’s friends if our application was
backed by a graph database. In this case, once we’ve located Cindy in our
database, it takes just one step to find one friend’s info. This is because each
vertex in the database contains all the information of its user, so we simply
traverse the edges from Cindy to each of her friends. This takes a grand total
of four steps as shown on page 181.

With a graph database, for N friends, pulling their data takes O(N) steps. This
is a significant improvement over the efficiency of O(M log N) that a relational
database would provide.

Neo4j1 is an example of a popular open source graph database. I encourage
you to visit their website for further resources about graph databases. Other
examples of open source graph databases include ArangoDB2 and Apache
Giraph3.

1. http://neo4j.com
2. https://www.arangodb.com/
3. http://giraph.apache.org/

Chapter 13. Connecting Everything with Graphs • 180

report erratum  •  discuss

http://neo4j.com
https://www.arangodb.com/
http://giraph.apache.org/
http://pragprog.com/titles/jwdsal/errata/add
http://forums.pragprog.com/forums/jwdsal


Alice Adams
alice@example.net

555-111-1111

Bob Block
bob@example.net
555-222-2222

Cindy Clyde
cindy@example.net

555-333-3333

Dennis Dimberg
dennis@example.net

555-444-4444

Ethel Emory
ethel@example.net

555-555-5555

1

2

3
4

Note that graph databases aren’t always the best solution for a given applica-
tion. You’ll need to carefully assess each application and its needs.

Weighted Graphs
Another type of graph is one known as a weighted graph. A weighted graph
is like a regular graph but contains additional information about the edges
in the graph.

Here’s a weighted graph that represents a basic map of a few major cities in
the United States:

Chicago

New York
City

Miami

Los 
Angeles

20
14

714

1089

1381245
1
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In this graph, each edge is accompanied by a number that represents the
distance in miles between the cities that the edge connects. For example,
there are 714 miles between Chicago and New York City.

It’s also possible to have directional weighted graphs. In the following example,
we can see that although a flight from Dallas to Toronto is $138, a flight from
Toronto to Dallas is $216:

Toronto

Dallas

$216

$138

To add weights to our graph, we need to make a slight modification to our
Ruby implementation. Specifically, we’ll be using a hash table rather than
an array to represent the adjacent nodes. In this case, each vertex will be
represented by a City class:

class City

attr_accessor :name, :routes

def initialize(name)
@name = name
# For the adjacent vertices, we are now using a hash table
# instead of an array:
@routes = {}

end

def add_route(city, price)
@routes[city] = price

end

end

Now, we can create cities and routes with prices:

dallas = City.new("Dallas")
toronto = City.new("Toronto")

dallas.add_route(toronto, 138)
toronto.add_route(dallas, 216)

Let’s use the power of the weighted graph to solve something known as the
shortest path problem.
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Here’s a graph that demonstrates the costs of available flights between five dif-
ferent cities. (Don’t ask me how airlines determine the prices of these things!)

Chicago
Boston

Denver

El Paso
Atlanta

$180

$40

$120

$80
$100 $100

$140

$160

Now, say that I’m in Atlanta and want to fly to El Paso. Unfortunately, there’s
no direct route at this time. However, I can get there if I’m willing to fly through
other cities. For example, I can fly from Atlanta to Denver, and from Denver
to El Paso. That route would set me back $300. However, if you look closely,
you’ll notice that there’s a cheaper route if I go from Atlanta to Denver to
Chicago to El Paso. Although I have to take an extra flight, I only end up
shelling out $280.

In this context, the shortest path problem is this: how can I get from Atlanta
to El Paso with the least amount of money?

Dijkstra’s Algorithm
There are numerous algorithms for solving the shortest path problem, and
one really interesting one was discovered by Edsger Dijkstra (pronounced
“dike’ struh”) in 1959. Unsurprisingly, this algorithm is known as Dijkstra’s
algorithm.

Here are the rules of Dijkstra’s algorithm (don’t worry—they’ll become clearer
when we walk through our example):

1. We make the starting vertex our current vertex.

2. We check all the vertices adjacent to the current vertex and calculate and
record the weights from the starting vertex to all known locations.

3. To determine the next current vertex, we find the cheapest unvisited known
vertex that can be reached from our starting vertex.

4. Repeat the first three steps until we have visited every vertex in the graph.
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Let’s walk through this algorithm step by step.

To record the cheapest price of the routes from Atlanta to other cities, we will
use a table as follows:

El PasoDenverChicagoBostonFrom Atlanta to:

????

First, we make the starting vertex (Atlanta) the current vertex. All our algo-
rithm has access to at this point is the current vertex and its connections to
its adjacent vertices. To indicate that it’s the current vertex, we’ll surround
it with lines. And to indicate that this vertex was once the current vertex,
we’ll put a check mark through it:

Boston

Denver

Atlanta

$100

$160

We next check all adjacent vertices and record the weights from the starting
vertex (Atlanta) to all known locations. Since we can see that we can get from
Atlanta to Boston for $100, and from Atlanta to Denver for $160, we’ll record
that in our table:

El PasoDenverChicagoBostonFrom Atlanta to:

?$160?$100

Next, we find the cheapest vertex that can be reached from Atlanta that has
not yet been visited. We only know how to get to Boston and Denver from
Atlanta at this point, and it’s cheaper to get to Boston ($100) than it is to
Denver ($160). So we make Boston our current vertex:

Chicago
Boston

Denver

Atlanta

$180

$120

$100

$160
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We now check both of the routes from Boston, and record all new data about
the cost of the routes from Atlanta—the starting vertex—to all known locations.
We can see that Boston to Chicago is $120. Now, we can also conclude that
since Atlanta to Boston is $100, and Boston to Chicago is $120, the cheapest
(and only) known route from Atlanta to Chicago is $220. We’ll record this in
our table:

El PasoDenverChicagoBostonFrom Atlanta to:

?$160$220$100

We also look at Boston’s other route—which is to Denver—and that turns out
to be $180. Now we have a new route from Atlanta to Denver: Atlanta to
Boston to Denver. However, since this costs $280 while the direct flight from
Atlanta to Denver is $160, we do not update the table, since we only keep the
cheapest known routes in the table.

Now that we’ve explored all the outgoing routes from the current vertex
(Boston), we next look for the unvisited vertex that is the cheapest to reach
from Atlanta, which was our starting point. According to our table, Boston is
still the cheapest known city to reach from Atlanta, but we’ve already checked
it off. So that would make Denver the cheapest unvisited city, since it’s only
$160 from Atlanta, compared with Chicago, which is $220 from Atlanta. So
Denver becomes our current vertex:

Chicago
Boston

Denver

El Paso
Atlanta

$180

$40

$120

$100
$140

$160

We now inspect the routes that leave Denver. One route is a $40 flight from
Denver to Chicago. We can update our table since we now have a cheaper path
from Atlanta to Chicago than before. Our table currently says that the cheapest
route from Atlanta to Chicago is $220, but if we take Atlanta to Chicago by way
of Denver, it will cost us just $200. We update our table accordingly:

El PasoDenverChicagoBostonFrom Atlanta to:

?$160$200$100
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There’s another flight out of Denver as well, and that is to the newly revealed
city of El Paso. We now have to figure out the cheapest known path from
Atlanta to El Paso, and that would be the $300 path from Atlanta to Denver
to El Paso. We can now add this to our table as well:

El PasoDenverChicagoBostonFrom Atlanta to:

$300$160$200$100

We now have two unvisited vertices: Chicago and El Paso. Since the cheapest
known path to Chicago from Atlanta ($200) is cheaper than the cheapest
known path to El Paso from Atlanta ($300), we will next make Chicago the
current vertex:

Chicago
Boston

Denver

El Paso
Atlanta

$180

$40

$120

$80
$100

$140

$160

Chicago has just one outbound flight, and that is an $80 trip to El Paso. We
now have a cheaper path from Atlanta to El Paso: Atlanta to Denver to
Chicago to El Paso, which costs a total of $280. We update our table with
this newfound data:

El PasoDenverChicagoBostonFrom Atlanta to:

$280$160$200$100

There’s one known city left to make the current vertex, and that is El Paso:

Chicago
Boston

Denver

El Paso
Atlanta

$180

$40

$120

$80
$100 $100

$140

$160
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El Paso has only one outbound route, and that is a $100 flight to Boston.
This data doesn’t reveal any cheaper paths from Atlanta to anywhere, so we
don’t need to modify our table.

Since we have visited every vertex and checked it off, we now know every
path from Atlanta to every other city. The algorithm is now complete, and
our resulting table reveals the cheapest price of Atlanta to every other city
on the map:

El PasoDenverChicagoBostonFrom Atlanta to:

$280$160$200$100

Here is a Ruby implementation of Dijkstra’s algorithm:

We’ll begin by creating a Ruby class representing a city. Each city is a node
in a graph, which keeps track of its own name, and routes to adjacent cities:

class City

attr_accessor :name, :routes

def initialize(name)
@name = name
# For the adjacent nodes, we are now using a hash table
# instead of an array:
@routes = {}
# As an example, if this were Atlanta, its routes would be:
# {boston => 100, denver => 160}

end

def add_route(city, price_info)
@routes[city] = price_info

end

end

We’ll use the add_route method to set up the cities from our example:

atlanta = City.new("Atlanta")
boston = City.new("Boston")
chicago = City.new("Chicago")
denver = City.new("Denver")
el_paso = City.new("El Paso")

atlanta.add_route(boston, 100)
atlanta.add_route(denver, 160)
boston.add_route(chicago, 120)
boston.add_route(denver, 180)
chicago.add_route(el_paso, 80)
denver.add_route(chicago, 40)
denver.add_route(el_paso, 140)
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The code for Dijkstra’s Algorithm is somewhat involved, so I’ve sprinkled
comments liberally:

def dijkstra(starting_city, other_cities)
# The routes_from_city hash table below holds the data of all price_infos
# from the given city to all other destinations, and the city which it
# took to get there:
routes_from_city = {}
# The format of this data is:
# {city => [price, other city which immediately precedes this city
# along the path from the original city]}

# In our example this will end up being:
# {atlanta => [0, nil], boston => [100, atlanta], chicago => [200, denver],
# denver => [160, atlanta], el_paso => [280, chicago]}

# Since it costs nothing to get to the starting city from the starting city:
routes_from_city[starting_city] = [0, starting_city]

# When initializing our data, we set up all other cities having an
# infinite cost - since the cost and the path to get to each other city
# is currently unknown:
other_cities.each do |city|

routes_from_city[city] = [Float::INFINITY, nil]
end
# In our example, our data starts out as:
# {atlanta => [0, nil], boston => [Float::INFINITY, nil],
# chicago => [Float::INFINITY, nil],
# denver => [Float::INFINITY, nil], el_paso => [Float::INFINITY, nil]}

# We keep track of which cities we visited in this array:
visited_cities = []

# We begin visiting the starting city by making it the current_city:
current_city = starting_city

# We launch the heart of the algorithm, which is a loop that visits
# each city:
while current_city

# We officially visit the current city:
visited_cities << current_city

# We check each route from the current city:
current_city.routes.each do |city, price_info|
# If the route from the starting city to the other city
# is cheaper than currently recorded in routes_from_city, we update it:
if routes_from_city[city][0] > price_info +

routes_from_city[current_city][0]
routes_from_city[city] =

[price_info + routes_from_city[current_city][0], current_city]
end

end
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# We determine which city to visit next:
current_city = nil
cheapest_route_from_current_city = Float::INFINITY
# We check all available routes:
routes_from_city.each do |city, price_info|
# if this route is the cheapest from this city, and it has not yet been
# visited, it should be marked as the city we'll visit next:
if price_info[0] < cheapest_route_from_current_city &&

!visited_cities.include?(city)
cheapest_route_from_current_city = price_info[0]
current_city = city

end
end

end

return routes_from_city
end

We can run this method as follows:

routes = dijkstra(atlanta, [boston, chicago, denver, el_paso])
routes.each do |city, price_info|

p "#{city.name}: #{price_info[0]}"
end

Although our example here focused on finding the cheapest flight, the same
exact approach can be used for mapping and GPS technology. If the weights
on each edge represented how fast it would take to drive from each city to
the other rather than the price, we’d just as easily use Dijkstra’s algorithm
to determine which route you should take to drive from one place to another.

Wrapping Up
We’re almost at the end of our journey, as this chapter represents the last
significant data structure that we’ll encounter in this book. We’ve seen that
graphs are extremely powerful tools for dealing with data involving relation-
ships, and in addition to making our code fast, they can also help solve tricky
problems.

Along our travels, our primary focus has been on how fast our code will run.
That is, we’ve been measuring how efficient our code performs in terms of
time, and we’ve been measuring that in terms of counting the number of steps
that our algorithms take.

However, efficiency can be measured in other ways. In certain situations,
there are greater concerns than speed, and we might care more about how
much memory a data structure or algorithm might consume. In the next
chapter, we’ll learn how to analyze the efficiency of our code in terms of space.
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CHAPTER 14

Dealing with Space Constraints
Throughout this book, when analyzing the efficiency of various algorithms,
we’ve focused exclusively on their time complexity—that is, how fast they run.
There are situations, however, where we need to measure algorithm efficiency
by another measure known as space complexity, which is how much memory
an algorithm consumes.

Space complexity becomes an important factor when memory is limited. This
can happen when programming for small hardware devices that only contain
a relatively small amount of memory or when dealing with very large amounts
of data, which can quickly fill even large memory containers.

In a perfect world, we’d always use algorithms that are both quick and con-
sume a small amount of memory. However, there are times where we’re faced
with choosing between the speedy algorithm or the memory-efficient algo-
rithm—and we need to look carefully at the situation to make the right choice.

Big O Notation as Applied to Space Complexity
Interestingly, computer scientists use Big O Notation to describe space com-
plexity just as they do to describe time complexity.

Until now, we’ve used Big O Notation to describe an algorithm’s speed as fol-
lows: for N elements of data, an algorithm takes a relative number of opera-
tional steps. For example, O(N) means that for N data elements, the algorithm
takes N steps. And O(N2) means that for N data elements, the algorithm takes
N2 steps.

Big O can similarly be used to describe how much space an algorithm takes
up: for N elements of data, an algorithm consumes a relative number of addi-
tional data elements in memory. Let’s take a simple example.
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Let’s say that we’re writing a JavaScript function that accepts an array of
strings, and returns an array of those strings in ALL CAPS. For example, the
function would accept an array like ["amy", "bob", "cindy", "derek"] and return ["AMY",
"BOB", "CINDY", "DEREK"]. Here’s one way we can write this function:

function makeUpperCase(array) {
var newArray = [];
for(var i = 0; i < array.length; i++) {

newArray[i] = array[i].toUpperCase();
}
return newArray;

}

In this makeUpperCase() function, we accept an array called array. We then create
a brand-new array called newArray, and fill it with uppercase versions of each
string from the original array.

By the time this function is complete, we have two arrays floating around in
our computer’s memory. We have array, which contains ["amy", "bob", "cindy",
"derek"], and we have newArray, which contains ["AMY", "BOB", "CINDY", "DEREK"].

When we analyze this function in terms of space complexity, we can see that
it accepts an array with N elements, and creates a brand-new array that also
contains N elements. Because of this, we’d say that the makeUpperCase() function
has a space efficiency of O(N).

The way this appears on the following graph should look quite familiar:

O(n)

Number of Elements

Ad
di

ti
on

al
 M

em
or

y 
Co

ns
um

ed

0 1 2

2

3

3

4

4

5

5

6

6

7

7

8

8

9

9

10

10

11 12 13 14 15 16

1

Note that this graph is identical to the way we’ve depicted O(N) in the graphs
from previous chapters, with the exception that the vertical axis now repre-
sents memory rather than speed.
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Now, let’s present an alternative makeUpperCase() function that is more memory
efficient:

function makeUpperCase(array) {
for(var i = 0; i < array.length; i++) {

array[i] = array[i].toUpperCase();
}
return array;

}

In this second version, we do not create any new variables or new arrays. In
fact, we have not consumed any new memory at all. Instead, we modify each
string within the original array in place, making them uppercase one at a time.
We then return the modified array.

Since this function does not consume any memory in addition to the original
array, we’d describe the space complexity of this function as being O(1).
Remember that by time complexity, O(1) represents that the speed of an
algorithm is constant no matter how large the data. Similarly, by space
complexity, O(1) means that the memory consumed by an algorithm is con-
stant no matter how large the data.

In our case, the algorithm consumes the same amount of additional space
(zero!) no matter whether the original array contains four elements or one
hundred. Because of this, our new version of makeUpperCase() is said to have a
space efficiency of O(1).

It’s important to reiterate that in this book, we judge the space complexity
based on additional memory consumed—known as auxiliary space—meaning
that we don’t count the original data. Even in this second version, we do have
an input of array, which contains N elements of memory. However, since this
function does not consume any memory in addition to the original array, it
is O(1).

(There are some references that include the original input when calculating
the space complexity, and that’s fine. We’re not including it, and whenever
you see space complexity described, you need to determine whether it’s
including the original input.)

Let’s now compare the two versions of makeUpperCase() in both time and space
complexity:

Space complexityTime complexityVersion

O(N)O(N)Version #1

O(1)O(N)Version #2
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Both versions are O(N) in time complexity, since they take N steps for N data
elements. However, the second version is more memory efficient, being O(1)
in space complexity compared to the first version’s O(N).

This is a pretty strong case that version #2 is preferable to version #1.

Trade-Offs Between Time and Space
In Speeding Up Your Code with Big O, we wrote a JavaScript function that
checked whether an array contained any duplicate values. Our first version
looked like this:

function hasDuplicateValue(array) {
for(var i = 0; i < array.length; i++) {

for(var j = 0; j < array.length; j++) {
if(i !== j && array[i] == array[j]) {

return true;
}

}
}
return false;

}

It uses nested for loops, and we pointed out that it has a time complexity of O(N2).

We then created a more efficient version, which looked like this:

function hasDuplicateValue(array) {
var existingNumbers = [];
for(var i = 0; i < array.length; i++) {

if(existingNumbers[array[i]] === undefined) {
existingNumbers[array[i]] = 1;

} else {
return true;

}
}
return false;

}

This second version creates an array called existingNumbers, and for each number
we encounter in array, we find the corresponding index in existingNumbers and
fill it with a 1. If we encounter a number and already find a 1 in the corre-
sponding index within existingNumbers, we know that this number already exists
and that we’ve therefore found a duplicate value.

We declared victory with this second version, pointing to its time complexity
of O(N) compared with the first version’s O(N2). Indeed, from the perspective
of time alone, the second version is much faster.
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However, when we take space into account, we find that this second version
has a disadvantage compared with the first version. The first version does
not consume any additional memory beyond the original array, and therefore
has a space complexity of O(1). On the other hand, this second version creates
a brand-new array that is the same size as the original array, and therefore
has a space complexity of O(N).

Let’s look at the complete contrast between the two versions of hasDuplicateValue():

Space complexityTime complexityVersion

O(1)O(N2)Version #1

O(N)O(N)Version #2

We can see that version #1 takes up less memory but is slower, while version
#2 is faster but takes up more memory. How do we decide which to choose?

The answer, of course, is that it depends on the situation. If we need our
application to be blazing fast, and we have enough memory to handle it, then
version #2 might be preferable. If, on the other hand, speed isn’t critical, but
we’re dealing with a hardware/data combination where we need to consume
memory sparingly, then version #1 might be the right choice. Like all technol-
ogy decisions, when there are trade-offs, we need to look at the big picture.

Parting Thoughts
You’ve learned a lot in this journey. Most importantly, you’ve learned that
the analysis of data structures and algorithms can dramatically affect your
code—in speed, memory, and even elegance.

What you can take away from this book is a framework for making educated
technology decisions. Now, computing contains many details, and while
something like Big O Notation may suggest that one approach is better than
another, other factors can also come in to play. The way memory is organized
within your hardware and the way that your computer language of choice
implements things under the hood can also affect how efficient your code
may be. Sometimes what you think is the most efficient choice may not be
due to various external reasons.

Because of this, it is always best to test your optimizations with benchmarking
tools. There are many excellent software applications out there that can
measure the speed and memory consumption of your code. The knowledge
in this book will point you in the right direction, and the benchmarking tools
will confirm whether you’ve made the right choices.
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I hope that you also take away from this book that topics like these—which
seem so complex and esoteric—are just a combination of simpler, easier
concepts that are within your grasp. Don’t be intimidated by resources that
make a concept seem difficult simply because they don’t explain it well—you
can always find a resource that explains it better.

The topic of data structures and algorithms is broad and deep, and we’ve only
just scratched the surface. There is so much more to learn—but with the
foundation that you now have, you’ll be able to do so. Good luck!
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